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Abstract

To evaluate the effectiveness of a counterfactual policy, it is often necessary to ex-
trapolate treatment effects on compliers to broader populations. This extrapolation
relies on exogenous variation in instruments, which is often weak in practice. This
limited variation leads to invalid confidence intervals that are typically too short and
cannot be accurately detected by classical methods. For instance, the F-test may
falsely conclude that the instruments are strong. Consequently, I develop inference
results that are valid even with limited variation in the instruments. These results
lead to asymptotically valid confidence sets for various linear functionals of marginal
treatment effects, including LATE, ATE, ATT, and policy-relevant treatment effects,
regardless of identification strength. Finally, I illustrate my results using data from
Agan, Doleac, and Harvey (2023) to analyze counterfactual policies of changing pros-

ecutors’ leniency and their effects on reducing recidivism.
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1 Introduction

This paper provides the first formal treatment of weak identification analysis in the marginal
treatment effect (MTE) model. Originally developed in the seminal works of Bjorklund and
Moffitt (1987) and Heckman and Vytlacil (1999, 2001, 2005), the MTE model has been widely
adopted in various studies for extrapolating treatment effects, such as returns to schooling
(Carneiro, Heckman, and Vytlacil, 2011), analysis of recidivism effects (Agan et al., 2023),
and evaluation of social insurance programs (Maestas, Mullen, and Strand, 2013) (see Table
6 of Mogstad and Torgovitsky (2024) for a broad survey of MTE applications). Despite its
widespread use in applied economic research, traditional confidence sets for the extrapolated
causal effects within this model are often invalid when the probability of receiving treat-
ment (i.e., the propensity score) exhibits limited variation across the instrument’s support.

Moreover, this variation can be very weak even if the first-stage F-statistic is very large.

To demonstrate the consequences of weak IVs in MTE models and to illustrate why the
F-statistic fails, I plot regression estimates of the outcome on propensity scores for treated
units in Figure 1. These estimators are computed from independent simulations based on a
cubic MTE model with a discrete IV that takes four values. Since the MTE can be directly
recovered from this conditional regression and the one for untreated sample (Section 2),
Figures 1a through 1c show the weak IV problem: as propensity score variation diminishes,
the regression estimates (shown in gray) become increasingly volatile and diverge from the
true population curve (shown in blue). The MTE estimator thus loses consistency, and the
traditional Wald confidence interval built on these estimates fails to achieve its desired cov-
erage probability. These problems arise not only when propensity scores cluster around one
value but also when they exhibit binary variation (Figure 1d), since two distinct propensity
scores cannot identify a cubic MTE. In this case, the F-statistic can be misleadingly large

because it detects the deviation from the null where all propensity scores are equal.

To achieve valid coverage, this paper develops inference methods that are robust against
weak IV variation in MTE models. I consider a class of MTE models with a discrete instru-
ment as in Brinch, Mogstad, and Wiswall (2017) and Kline and Walters (2019). By imposing
a parametric structure on the marginal treatment response (MTR) functions, the MTE is
fully characterized by a finite-dimensional parameter, which can be point identified using

discrete variation from the instrument and estimated by running separate regressions for



Figure 1: Estimators under Different Types of IV Strengths

(a) Strong Variation (b) Intermediate Variation
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Note: The figure shows the estimated expected outcomes for treated units conditional on propensity scores
under different designs of propensity score variation, based on 20 independent simulations. All designs and
simulations use a cubic specification for the MTE curve with a discrete IV that takes four values in its
support. The sample size is 2,000.

the treated and control groups. The proposed procedures deliver confidence sets for causal
parameters that are linear functionals of the MTE function, which cover a broad range of pa-
rameters including the MTE function itself, the average treatment effect (ATE), the average
treatment effect on the treated (ATT), the local average treatment effect (LATE), and the
policy-relevant treatment effect (PRTE). The asymptotic coverage rate of these confidence

sets is no smaller than the nominal level, regardless of identification strength.



The first contribution of this paper is a simple inference method for linear MTE models
(Brinch et al., 2017). This linear structure offers a novel moment condition for direct esti-
mation of treatment effects of interest, bypassing the necessity to estimate the full model.
Building on this moment condition, I construct a conditional Wald test whose critical values
are simulated from a conditional distribution of the test statistic. The test is asymptotically
similar, so the inverted confidence set has exact asymptotic coverage and is not conservative,

whether the model is weakly identified or not.

For a general class of MTE models, causal effects of interest cannot be estimated di-
rectly without relying on other primitive parameters in the MTE function, and these weakly
identified primitive parameters hamper valid inference on linear functions of them. The sec-
ond contribution is a modified linear combination (MLC) test that builds on the improved
projection approach of I. Andrews (2018) and achieves uniform validity regardless of identi-
fication strength. The inverted confidence set is straightforward to compute but potentially
conservative under weak identification. Under strong identification, it is approximately as
efficient as the Wald confidence set (Online Appendix E).

In a Monte Carlo study based on a quadratic MTE model, the MLC test is size-correct
whether the model is strongly identified, weakly identified, or partially identified. In contrast,
the classical Wald test over-rejects the null value at 14% frequency versus the 5% significance

level under partial identification and exhibits trivial power under weak identification.

Finally, I illustrate the proposed methods by using data from Agan et al. (2023), who
show that not prosecuting defendants with misdemeanor offenses reduces recidivism. While
their analysis uses LATE estimates and ATE/ATT estimates under additive separability, I
complement their findings by constructing confidence sets for the reduction in recidivism
under two counterfactual prosecution policies: (1) a homogeneous marginal increase in non-
prosecution rates across prosecutors, and (2) a minimum nonprosecution rate threshold. The
results highlight that weak identification is a significant concern in higher-order polynomial
models, and empirical conclusions differ substantially between robust and classical infer-
ence methods. In this application, I condition on covariates instead of imposing additive
separability. Appendix B.1 explains why additive separability is a strong assumption, and

Appendix B.2 shows how to implement the MLC test when researchers maintain it.

Related literature

This paper contributes to three strands of the literature: inference in MTE models, subvector

inference in weakly identified models, and weak instruments in linear IV models.
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Although the MTE model has been used to extrapolate treatment effects in a variety
of fields, there are relatively few studies on the theory of estimation and inference in MTE
models. In a semiparametric MTE model with continuous propensity scores, Heckman,
Urzua, and Vytlacil (2006) use bootstrap methods to construct confidence bands for MTE
functions. This approach is now common practice', but its theoretical validity has not
yet been established. Carneiro and Lee (2009) analyze the pointwise limit distributions of
MTE estimators using a separate regression approach. Building on this work, Sasaki and
Ura (2023) further derive asymptotic theory for the PRTE using an orthogonalized score for
double debiased estimation. Both papers assume a semiparametric MTE model with additive
separability and strong IV /covariate variation to achieve consistent estimation. Mogstad,
Santos, and Torgovitsky (2017, 2018) propose a bootstrap procedure for conducting inference
on the PRTE when the MTE is partially identified. None of these papers study weak
identification problems. Thus, compared to this existing literature, the inference approach I

propose is the first to achieve robustness against weak instruments in MTE models.

The inference problem in this paper is also related to the literature on subvector inference
in weakly identified models, where a subvector is a subset of the structural parameters (see
Andrews and Guggenberger (2019, Section 12 in supplementary appendix) for thorough
reviews). Chaudhuri and Zivot (2011) modify the robust Lagrange multiplier statistic of
Kleibergen (2005) such that it is locally equivalent to asymptotically efficient subvector
tests under strong identification. I. Andrews (2018) generalizes their results to inference on
functions of parameters, which include subvectors as a special case. He proposes a robust
confidence set that achieves sequential validity under a set of high-level conditions imposed on
a sequence of data generating processes (DGPs), and concludes that “conditions for uniform
asymptotic validity are an interesting open question” (Section V, page 347). D. Andrews
(2017) improves the Bonferroni method of Chaudhuri and Zivot (2011) and shows that
the refined tests are asymptotically non-conservative and uniformly valid. However, his
method focuses on subvectors and does not directly address inference on a linear function
of parameters, and D. Andrews (2017, page 2) acknowledges six key limitations, including
computational challenges and the need for additional tuning parameters to categorize the
identification strength. Andrews and Cheng (2012) and Han and McCloskey (2019) propose
uniformly valid inference on functions of weakly identified parameters for models whose
identification status is determined by whether a single parameter vector approaches zero.
Moreover, all of these procedures rarely achieve asymptotic similarity when the nuisance

parameters are weakly identified.

!The Stata implementation of MTE estimation by Brave and Walstrum (2014) and Andresen (2018) uses

bootstrap methods to produce confidence sets.



This paper differs from these works in two ways. First, for linear MTE models, the
conditional Wald test of Section 3 circumvents the weakly identified nuisance parameters in
the MTE. This delivers both asymptotic similarity and computational simplicity that are
highly desirable for subvector inference. Existing subvector procedures with weakly iden-
tified nuisance parameters generally achieve neither property, except when there exists a
reparametrization that separates a strongly identified nuisance vector from a weakly iden-
tified scalar parameter, as in the low-dimensional factor models of Cox (2026). Second,
for general MTE models, I establish the uniform validity of the MLC test under primitive
conditions on the parameter space via a modification to the test statistic. In contrast to
Chaudhuri and Zivot (2011) and I. Andrews (2018), whose high-level conditions are tailored
to weak identification of the local-to-zero sequence, as in linear IV regressions, the MLC test
also addresses weak identification of the local-to-singularity sequence: when the propensity
scores exhibit limited variation, the Jacobian of the moment functions approaches a singular
but nonzero matrix (Section 4.2). Unlike Andrews and Cheng (2012) and Han and Mec-
Closkey (2019), where identification fails only as a single parameter vector approaches zero,
identification in the MTE model can fail along multiple directions as the propensity scores
approach a set rather than a point, as illustrated in Figure 1(c)-(d). Compared to D. An-
drews (2017), the MLC test targets a linear function rather than a subvector and avoids
the computational challenges and additional tuning parameters noted above. His test could
in principle be applied to the MTE setting after reparametrizing the model, but finding a
universal reparametrization rule that works for all linear hypotheses of interest while keeping

the asymptotic analysis tractable is challenging.

Finally, this paper relates to the literature on weak instruments in linear IV models (see
Andrews, Stock, and Sun (2019) for a review). This literature mostly considers inference
on the IV estimand, which can be interpreted as a weighted average of causal effects under
suitable assumptions (Imbens and Angrist, 1994). In contrast, the MTE model can directly
target the policy counterfactuals of researchers’ interest, such as the PRTE (Heckman and
Vytlacil, 2001; Carneiro, Heckman, and Vytlacil, 2010), which are usually not recovered by
linear IV regressions. The procedures in this paper allow robust inference on these policy

counterfactuals.



2 MTE Model with Discrete 1Vs

In this section, I describe the MTE model and the related identification result following
Brinch et al. (2017). Based on this result, the weakness of IVs can be characterized by
limited variation of propensity scores. Then I introduce the relevant parameter space on

which we achieve uniform validity of the proposed inference procedures.

2.1 Setup

Let Y7 be the potential outcome of an individual who receives a binary treatment (D = 1)
and Yj denote her potential outcome in the untreated state (D = 0). The observed outcome
Y is realized through

Y =(1-D)Y,+ DY;. (1)

We further specify
deﬂd+vd, d:0717

where p1y = E[Yy] is the mean potential outcome. For simplicity, I leave out additional covari-
ates and discuss them in Appendix B. The treatment is determined by a weakly separable

selection equation
D =1[U < u(2)), 2)

where v(-) is an unknown function, U is a continuous random variable representing the
unobserved cost of selection into treatment, and Z € supp(Z) = {zo,21,...,2x} is the
excluded discrete instrument. Researchers observe the outcome Y, the binary treatment
D, and the excluded instrument Z from data, while the unobservables are the potential
outcomes (Yp, Y1) and the variable U in the selection equation. The MTE model allows
individuals to be selected into treatment based on their information on potential outcomes,

which leads to potential dependence between (V3, ;) and U.
The key identifying assumption from Brinch et al. (2017, proposition 1.ii) is as follows:

Assumption 1 (MTE model with discrete IVs).
1. Z1U.

2. ElY; | Z,U] = E[Y, | U] and E|Y}| < oo for d € {0, 1}.
3. U is continuously distributed.

4. 0<P(D=1|Z==z)<1forall z € supp(Z).
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5. Let {h,(-)}¥_, be known continuous functions on [0, 1] with fol hpm(u)du = 0 for
m=1,...,M. For d € {0,1}, the MTR function is given by

[Y;i|FU( Md—l—zpdm mu fOI‘UE(O,l),

where Fy;(+) denotes the distribution function of U.
6. Let Aoo(+) = A1o(+) = 1, and define

1 [P 1 !
Am(p) = —/ hm(uw)du and Aoy, (p) = —— hpm(uw)du form=1,..., M.
P Jo 1 -P P

for p € [0,1]. Then {A,,(-)}M_, and { Mo (-)}Y_, are unisolvent? on (0, 1).

7. K={P(D=1|Z=2):2=12,21,...,2}| > M+ 1.

Assumptions 1.1 and 1.2 require the excluded instrument Z to be exogenous to both
the selection and outcome processes. Assumption 1.3 allows us to normalize the marginal
distribution of U to be uniformly distributed over [0, 1]. That is, we can transform U to a
uniformly distributed variable U = Fy(U). Under the exogeneity of Z in Assumption 1.1,

the function Fy;(v(Z)) can then be interpreted as propensity score:

=P(U <v(Z)| Z=2)
=PU <v(2))
= Fy(v(2))

where the third line uses the Assumption 1.1. Define v(z) = Fy;(v(2)), and then we can work
with (U, 7(z)) in place of (U,v(z)) without affecting the empirical content of the selection
model. For simplicity, we drop the tilde and assume U is uniformly distributed throughout
our analysis, and therefore v(z) = p(z). Assumption 1.4 validates the overlap condition, so
that we observe both treated and untreated individuals for each group defined by the value
of the instrument. Assumption 1.5 imposes a parametric restriction on the MTR function
E[Yy | Fu(U) = u] so that the MTE can be extrapolated outside the discrete support of the

instrument. Assumption 1.6 is a weak condition that rules out redundant specifications in

2A set of n functions fi, fa,. .., fs is unisolvent on domain € if the matrix F' € R"*" with entries f;(z;)

has nonzero determinant for any choice of n distinct points 1, xa, ..., x, in €.



{hm()IM_, that cause multicollinearity in { gy, (-)}X_,. In particular, the usual polynomial
1

specification hy,(u) = u™ — ——7 satisfies this condition. Assumption 1.7 requires sufficient
variation of the exogenous instrument to point identify the structural parameters. While
K < K +1, with strict inequality when multiple instrument values yield identical propensity
scores, point identification requires the number of distinct propensity scores, not instrument

values, to exceed the order of the MTE model.

Define 04 = (fa, par,---,pan) for d = 0,1, and let 0 = (67,6;). Then we have the

following identification result:

Theorem 2.1 (Identification). Suppose Assumption 1 holds. Then 6 is point identified.

Proof. Based on the model (1)—(2) and Assumption 1, we have

EY |D=1,Z=2=ElY; |U<p(z),Z =]

=E[Y1 | U < p(2)]
1 p(2)
:]%/O E[Y; | U = uldu
B M Pim p(z)
=y + mZZI ) /0 Fom (w) dus.
= (M0(p(2)), A11(p(2)), - - s M (p(2))) 1. (3)

The first line holds by equations (1), (2), and the normalization that v(z) = p(z), which is
jointly implied by Assumption 1.1 and 1.3. The second line holds by the exogeneity condition
in Assumption 1.2. The third line follows by the overlap condition in Assumption 1.4 and the
normalization that U is uniformly distributed over [0, 1]. The fourth line holds by parametric
restriction in Assumption 1.5. Likewise, we have
M 1
EY |D=0,Z==z=p+ po—m/ hom (w)du
=1 =p(2) Jye

= (Aoo(P(2)), Ao (p(2)), - - - Aons (p(2)))bo-

Taking z = zg, 21, .. ., 2k in equations (3) and (4) then yields two matrix equalities:

5d = AdOd for d = 0, 1, (5)



where

Aao(P(20))  Aar(p(20)) - Aaar(p(20))
A, - Aao(p(21))  Aar(p(21)) oo Aanr(p(21))
Aao(p(2x)) Aar(p(2x)) - Aam(p(2k))

and
Ba=(ElY |D=d,Z==z,..,EBlY | D=d,Z = zk])".

Note that Assumptions 1.6 and 1.7 guarantee that there exists a full-rank submatrix of Ay
with K rows and M + 1 columns for each d = 0,1. Therefore, both A; and A, have full
column rank. Then 60, and 6, are point identified by equation (5). O]

Remark 2.1. This identification result closely aligns with the proof of Brinch et al. (2017,
Proposition 1.ii), who show that Assumption 1.7 is a necessary condition for identifying 6 in
an MTE model satisfying Assumption 1.1-1.5. Building on their result, I add Assumption

1.6 to establish sufficient conditions for point identification. n

Based on the parametric restriction in Assumption 1.5, treatment effects can often be

written as linear functions of the primitive parameter 6. For example, ATE = p; — up and

MTE(u) = E[Y; — Yo | U = u]
= C(U),Hl — C(U)/eo,

where c(u) = (1, hi(u), ..., hy(u)). Moreover, suppose we are interested in the parameters
that inform potential policy decisions such as average treatment effects on the (un)treated
groups or policy-relevant treatment effects. In that case, the weight ¢ is often unknown and
depends on the underlying DGP (see Table 1 and 2 in Mogstad and Torgovitsky (2018)).
If we write ¢ = (¢}, )" with ¢4 = (cq0,...,canm) for d = 0,1 and denote ho(u) = 1, Table

1 summarizes the weights of various treatment effects under Assumption 1. In this paper,

I consider inference on treatment effects of the form ¢/6 where ¢; = —c¢y since many causal
effects of interest including those in Table 1 have symmetric weights: ¢;,, = —co,, for all
m=1,..., M.

Define ¢(z) = P(Z = z), i.e., the probability mass function of the discrete IV. For the

commonly used polynomial MTE model in empirical studies where h,, = u™ — m+r1, the

10



Table 1: Weights for Treatment Effects
Target parameter Expression Weights
ATE E[Y; — Yo C1m = 1[m = 0]
MTE ElY1—Yy | U =14 C1m = hm(u)
E([P(2) hom (u)du
ATT E[Y; =Y, | D =1] cl,m:%
E(f,y 7 b (w)du)
ATU E[Y1 - Yy | D =0] Clm = ( %()D )
PR B (w)du
LATE E[Yi —-Y | p(Zo) <U«< p(zk)] Clym = %
Additive PRTE PRTE with p(z) = p(2) + ¢ )
Proportional PRTE ~ PRTE with p(2) = (1 + €)p(2) ¢, — ooz hmbod

Quota PRTE with p(z

= max{p(2), ¢}

E[pe(2)—p(2)]

weights of ATT, LATE, additive PRTE, and proportional PRTE become

1m

m+1

LATE

1,m

1 o ,

—_ J
o (;0 P(21)"p(20)

1 K

A-PRTE __ § :

pPRTE | (1+e)mtt —

i [n(

art 1L (Zfop(zf)mHQ(Zé) _ 1)
Zf:o p(20)q(zc)

20) (p(ze) + €)™ 77 = 1)

1 Zfzop(zz)mﬂﬂze) _

“m Com+1 €

form=1,...,

2.2 Weak identification

The identification strategy relies on the conditions in Assumption 1, particularly the existence
of sufficiently many distinct propensity scores to point identify the structural parameter
through Assumption 1.7. However, variation in propensity scores is often limited. This

limited variation may not be enough to guarantee correct asymptotic approximation in the

construction of classical confidence sets.

procedures for treatment effects of the form ¢’6 without requiring the potentially restrictive
Assumption 1.7. My results have two implications. Along a sequence of DGPs: (1) When
Assumption 1.7 holds but is close to failing, the parameters are point identified, and the

robust confidence set achieves correct coverage for the causal parameter of interest; (2)

11
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M, and the first element ¢; o = 1 for all the above causal effects.

In section 3 and 4, I develop robust inference



When Assumption 1.7 fails, the parameters are partially identified, and the proposed robust
confidence set maintains correct coverage of the causal parameter ¢’6, where # lies in the
set defined by the linear system (5). Additionally, this uniform validity result does not rely
on Assumption 1.6, though this assumption is typically satisfied under researchers’ common

specifications of the MTR functions.

2.3 Parameter space restriction

This section introduces the parameter space for the joint distribution of (Y, D, Z), on which
the proposed robust inference procedures are uniformly valid. First, consider the usual i.i.d.

sampling distribution of the observables.

Assumption 2. The random vectors (Y;, D;, Z;), i = 1,...,n, are i.i.d. with common
distribution F'.

Next, I introduce a set of regularity conditions on the joint distribution F'.

Definition 2.1 (Parameter Space). For some d,¢ > 0 and € € (0,1/2), define the parameter
space P as the set of pairs (0, F') satisfying the following properties:

1. Equation (5) is satisfied with K > M, where 6 = (8}, 6})" € int(©) C R*M+1) for some

compact set © with nonempty interior;

2. Supd:O,l Suszsupp(Z) IE’F[|§/|2+6 | D = d? Z = Z] S C?

3. € <infocquppz) PR(D = 1| Z = 2) <SUP,equpp) PF(D=1]Z=2) <1—¢

4. € <infLequppz) Pr(Z = 2) < SUD,cqupp(z) PR(Z = 2) <1 — ¢

5. € <infyg1inf.equppzy varp(Y | D =d, Z = 2).

The first condition assumes the correct model specification derived from Assumptions
1.1-1.5, and the order of the MTE model does not exceed the support of the instrument.?
The second condition is a mild restriction on the existence of moments of Y conditional on D
and Z, which is essential for establishing the uniform version of the law of large numbers and

central limit theorems. The third and fourth conditions, also known as the strong overlap

conditions, require observing units for each value of the treatment and the instrument.

3The condition K > M is necessary but not sufficient for point identification, particularly when Assump-
tion 1.7 does not hold.
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Together with the final condition regarding sufficient variation in outcomes, these conditions
rule out the singularity or near-singularity of the asymptotic variance of the moment equation
(5). Since our parameter of interest has the form of ¢80, let Py = {(\, F)) : A =0, (0, F) € P}
denote the null parameter space for this linear function, in which the weight ¢ could possibly
depend on underlying DGP F'. It is important to emphasize that our parameter space does
not require the relevance Assumptions 1.6 and 1.7, the latter of which is likely to fail. For
a given A € R, our goal is to develop uniformly valid tests for assessing the hypothesis

Hy : 6 = X that is robust to the limited variation of propensity scores.

2.4 Notation and preliminaries

The asymptotic behavior of test statistics to be proposed will be unified by the asymp-
totic distribution of estimators on marginal distribution of instrument ¢(z;) = P(Z = z),
propensity score p(z,) = P(D = 1| Z = z;), and the expected outcome conditional on the
treatment and instrument Sy = E[Y | D =d,Z =z ford =0,1 and ¢ = 0,1, ..., K. Under
the parameter space restriction outlined in section 2.3, we have the following sample-analog

estimators for these quantities:

q = — Il Zl =

4(20) "2 [ 2

R 11D, =17 ==z

pze) = — [ d
n q(ze)

A 1 R Y1[D; =d, Z; = z)

where §(1, z¢) = p(z¢)q(2) and (0, z¢) = (1 — p(z¢))q(20)-

Collecting these estimators into vectors, we have p = (p(z0), ..., 0(2x))’, 4 = (¢(20), - - -, 4(2K))’,
Ba = Baos- .-, Bax) for d =0,1, and 3 = (3], 3,)'. Lemma D.1(a) provides the asymptotic
distribution of the estimators p, ¢, and B under a drifting sequence in the parameter space
P. Moreover, Lemma D.1(b) also shows that their asymptotic variances can be consistently
estimated by f]p, f)q, and 25 = diag{ﬁlgl, f]ﬁo}, defined in the lemma.

Throughout the paper, I use 8, f € R* to denote the gradient of a scalar function f with
respect to its argument x € R¥. If f maps to a vector in RY, then 0, f € R** denotes the
Jacobian of f with respect to z € R¥. Let Py = A(A’A)~'A’ denote the projection matrix

onto the column spaces of matrix A and define M4 = [ — P4 as the corresponding annihilator
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matrix. Let supp(X) denote the support of a random element X. I use subscripts F' and
F,, to denote population quantities that depend on distribution F' and on a sequence of

distributions {F}, },>1, respectively. I make this dependence explicit if necessary.

3 Robust Inference in Linear MTE Models

In this section, I start with the simplest functional specification and impose linearity on the
MTR function.

Assumption 3 (Linear MTE model). Assumption 1.5 holds with

1
hm(u) =u — 5

and M = 1.

This assumption was first introduced by Olsen (1980) to characterize sample selection
bias and later generalized by Brinch et al. (2017) to model MTE functions. This linear
MTE specification was recently adopted by Kowalski (2023) to extrapolate treatment effects
between two experimental studies. The parameters 6 = (u1, p11, to, po1) can be identified
using any pair of propensity scores (p(2o),p(zx)) for k =1,..., K that differ from each other.
Point identification fails if and only if all propensity scores p(zo), ..., p(zxk) are identical, i.e.,

when there is no variation in propensity scores.

The linear MTE specification allows us to derive closed-form estimands for 8. In partic-

ular, equation (5) implies for each k € {1,..., K}, we have

) 1 p(z) =1 —(p(zo) = 1)\ (E[Y | D=1,Z = )
pi)  p(z) — p(20) —2 2 E[Y | D=1,7 = z]

po\ _ 1 p(zx) —p(z0)\ (E[Y | D=0,Z = z)|
Pot p(z) — p(z0) \ —2 2 EY |D=0,2Z=z])

Recall B = E[Y | D =d, Z = z;]. Then the ATE and the slope of MTE can be written as

and

f1—Ho | _ 1 P(2k) [Bro — Bool — P(20) [Brk — Pok) + Bk — Bio
P11 — pPoi p(2) — p(20) 2 (Boo — Bro + Bux — Box) .
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Denote the numerator of the right-hand-side equation by

Au(20, 2e) = p(21) [Bro — Boo) — P(20) [Bik — Bok) + Bie — Bro

and

Ap(20, 2) = 2 (Boo — Bro + Bk — Bok) -

Since these quantities can be directly identified from data, we can express the treatment
effects parameters A\ = ¢’ with ¢ = (c,, ¢,, —c,, —¢,) as the solution of the following moment

function:
9r(A) = [p(zr) — p(20)] A — €D pu(20, 21) — €A p(20, 21) = 0. (6)

If the instrument Z is binary, then ¢’6 is just identified by this linear moment restriction,

otherwise, we can construct a vector of moment functions:

90 = (V) gV = O )

to improve the efficiency for inference on A = /. It is worth noting that other components
of primitive parameter # do not enter into (7). As a result, their nonstandard asymptotic
behavior (under weak identification) is irrelevant in this context. To this end, this linear
moment function g(A) will be used to construct asymptotically similar tests for treatment
effects in linear MTE models.

To fix ideas, I first consider inference for the parameter ¢/6 with a known weight ¢ and
exploit the binary variation {zp, zx} for & = 1,..., K. This known-weight setting allows
for inference on parameters such as the ATE and the MTE function. Online Appendix F

discusses the extension to cases where ¢ needs to be estimated.

Equation (6) shows that gx(A) suffices to estimate A, the causal effects of interest.

Let gi(A) be the sample analog of this moment function after plugging in the estimators
{D(20), Boe, Bretisy, i-e.,

where

Ay(zo, 2) = ﬁ(zk)[Blo — Boo] - ﬁ(Zo)[Bm — Boxc] + Blk - BlO
Ap(z(b 2) = 2(500 - Blo + Bm — B()k)-

Based on this moment condition, one might consider an Anderson-Rubin (AR) test statistic
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to assess the null hypothesis Hy : 6 = X as follows

AR, (\) \/Zg(’;(;) ’ (8)

where §2()\) consistently estimates the asymptotic variance of the sample moment g, (\). To
construct this variance estimator, note that an asymptotic linear expansion of gx(\) — gx(\)
gives
Oy g (M) [P — ]
3N = k(N = | + a6V [Br = B1] | +0p(n77).
+ 951.91(N)[Bo — fo]

with coefficients 0,gx()), 0s,9x(N), and 9,9k () defined as the gradient of gx(\) with respect
to p, (1, and [y, respectively. It is natural to estimate these coefficients by plugging in sample

analog estimators below:

apgk(A> = (_A + (/élk - BOk)C;M 07 s 707 A — (BIO - BOO)C;U 07 s 70),
A) = ((1 = p(zx))ey + 2¢,,0,...,0,—(1 — p(z0))cu — 2¢,,0,...,0) (9)
A) = (p(zk)ey — 2¢,,0,...,0,—p(20)c, + 2¢,,0, ..., 0),

aﬁlgk;

~—~

aﬁogk
where nonzero elements appear on the first and the (k + 1)’th elements of vectors.

This leads to a consistent variance estimator
0N = OGNS0k (N) + Oy G (N) 25,05, Gk (A) + Oy G (N) 3y Do G ().

Let a € (0, 1) be the significance level. The proposition below establishes the uniform validity
and asymptotic similarity of the AR test for Hy : 6 = X with A € R.

!/

Proposition 3.1. Let Assumption 2 and 3 hold, and suppose that the weight ¢ = (c,, ¢,, —c,, —¢,)

is a nonzero fixed vector, then

liminf inf Pp (Aank(/\) > g (1 — oz)) = limsup sup Pp <ARn’k()\) > g2 (1 — a)) = q,

n—oo (N, F)EPy n—oo (A, F)EPy
where ¢,2(1 — a) denotes the (1 — a)-quantile of the x{ distribution.

Remark 3.1. The above result shows that the proposed AR test is valid and (uniformly)
asymptotically similar in the sense of Andrews, Cheng, and Guggenberger (2020, eq.(2.6)).

Constructing an asymptotically valid subvector test is already challenging in models with
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weakly identified nuisance parameters?, because the asymptotic distributions of many test
statistics depend on those unknown nuisance parameters that cannot be consistently esti-
mated (Andrews and Mikusheva, 2016b, page 1595). However, I introduce a novel moment
function that isolates the causal effects of interest while being independent of 6, thereby
making the simple AR test feasible in this context. Unlike many other existing approaches
to subvector inference with weak identification, this method achieves asymptotic similarity,
ensuring the inverted confidence set maintains 1 — « coverage asymptotically under both

strong and weak identification. O]

If Z is a binary instrument taking values in {zg, z1}, there exists a unique AR test
statistic AR,, () for robust inference on the causal parameter ¢’6. When the instrument
is discrete with multiple values Z € {z,...,2x} where K > 1, we obtain multiple AR
statistics {AR,,1(\)}-,. The informativeness of each statistic depends on the variation in
propensity scores p(zg) — p(zx). In this case, combining tests based on different propensity

score pairs yields greater statistical power. Let

&= (p(z1) = p(20), ..., p(2k) — P(z))’

and

A= (CMAM(ZO, 21) + cpAp(ZO, 21)y .. ,C#A#(ZO, zK) + cpAp(zo, 2K)).

Then our goal is to obtain a valid inference procedure based on a vector of linear moment

functions:
GA) =FA =4 = (51(A), ..., gx(N) € RE.

Under strong identification where 7 converges to a nonzero limit, a Wald statistic based on

efficient weighting matrix S (M)t for testing Hy : ¢ = X can be constructed below:

~ 13 —1ast —1x
Wa(h) = ng\)'SOA) A S(N) 150
#S(\)-1#
where
S(A) = 3,0(N)Zy0p G(N) + 95, 0(N) 25,95, G(N) + 03, §(N) S5, G(N) (10)

is a consistent estimator of the asymptotic covariance matrix of 7\ —+ under null hypothesis.

4Since /6 is the parameter of interest rather than @ itself, the vector of primitive parameters § =
(41, p115 Mo, Po1) becomes the weakly identified nuisance parameter under limited variation of propensity
scores. Although we can show some functions of 6 are strongly identified using the reparametrization
technique proposed by Han and McCloskey (2019), two parameters (pi11, po1) remain weakly identified in

the transformed model.
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Under weak identification, the propensity score differences © may converge in probability
to a zero vector, resulting in a nonstandard asymptotic distribution for W, (). To illustrate
this problem, consider a sequence of DGPs where \/nm converges to a constant vector my. In
this case, v/n7 converges in distribution to a multivariate normal distribution with mean 7,
which cannot be consistently estimated from the data. Consequently, the asymptotic distri-
bution of W,,(\) contains the non-estimable nuisance parameter 1, making it infeasible to
consistently estimate the unconditional quantiles of W,,(\)’s limiting distribution. However,
similar to the arguments of Moreira (2003) for linear IV models and Andrews and Miku-
sheva (2016b) for quasi-likelihood ratio tests in GMM models, the asymptotic distribution
of W, (\) becomes independent of my when conditioned on a sufficient statistic, making it

feasible to approximate the conditional distribution of W,,(\).

Define
h(N) = Vit — 0,715, 0, 5(NS) Vg,

The statistic k()) is asymptotically independent of v/ng(\) and contains sufficient informa-
tion about 7 such that the (asymptotic) distribution of W, () conditional on () is free of
7o. To simulate this conditional distribution, I construct a simulated counterpart of /n,

denoted as 7, given by
Ty = h(A) + (0,118, [0, (NS (V)27

where n* ~ N (0xx1, [xxx) is drawn independently of the data. We then approximate the
distribution of W,,()) by replacing /n# with 7, and \/ng(A) with S(A)Y/2n*, which yields

(") SN Vrmam SOV Or).

Wnld) = ™ S(\) 1,

It follows that W*(\) has the same asymptotic distribution as W, () conditional on the
realization of A(\). Let g~ (1 — ) denote the (1 — a)-quantile of the distribution of W*())
conditional on the data. This critical value can be used to construct valid conditional Wald
test:

Theorem 3.1. Let Assumption 2 and 3 hold, and suppose that the weight ¢ = (¢, ¢,, —¢,, —¢,)’

is a nonzero fixed vector, then

liminf inf Pp(W,()) > gw-(1 —a)) =limsup sup Pp(W,()) > gw-(1—a)) = a.
n—oo (\,F)EPy n—oo (A F)EPy

Remark 3.2. The statistic IV, (\) can be interpreted as a linear combination of AR statistics
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in equation (8), with weight S—1%. Under strong identification, this weighting vector can
be shown to be optimal among all linear combinations of AR statistics, yielding the highest

local asymptotic power. O

Remark 3.3. In Lemma D.2, T show that the asymptotic variance of the moment function
is uniformly positive definite as long as the weight ¢ = (c,, ¢,, —c,, —¢,) is nonzero. If we
incorporate additional moment conditions induced by the difference of propensity scores of
the form p(z;) — p(z;) for k,j # 0, then the asymptotic variance may become singular for

some nonzero weight c. For example, if we set ¢, = 0 and ¢, = 1, it follows that
[p(z) = B(2)IA = o Ap(z5, 21) = Gu(A) — G5 (N),

implying that the moment condition constructed with the variation between z;, and z; (on
the left-hand side) is the difference of the moments constructed by using (2, 29) and (z;, 29)
(on the right-hand side). O

Remark 3.4. An alternative statistic one could consider is the quasi-likelihood ratio statistic

QLR,(A) =7 |§(A)S(A)7'g(A) — inf §(A)'S(\)~'g(N)
€
and its corresponding conditional approach discussed in Andrews and Mikusheva (2016b).
Here I focus on the conditional Wald approach because it is simpler to implement in practice

and is first-order asymptotically equivalent to QLR test under strong identification. [

4 Robust Inference in General MTE Models

In this section, I relax the linearity Assumption 3 and extend the analysis to allow for any

functional forms specified in Assumption 1.5. This includes the linear MTE model and the

1

7 that is commonly used in empirical studies.

polynomial specification h,,(-) = u™ —

For this broader class of models, constructing moment conditions that only involve the
target causal parameter is less obvious. Therefore, I develop an alternative improved projec-
tion approach that builds on I. Andrews (2018) to achieve valid inference. When compared
to the conditional Wald test in section 3, this new approach applies to a wider range of
MTE models but is more computationally intensive and is potentially more conservative
under weak identification. On the theoretical front, I argue that the high-level conditions
imposed by I. Andrews (2018) cannot be directly verified in the MTE setting. Therefore, 1
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extend his sequential validity result (that based on high-level conditions) by establishing the
uniform validity under primitive conditions on the parameter space outlined in Definition
2.1. This allows the correct coverage of resulting confidence set in large sample, even when

the propensity scores are close to one another or the coefficients are partially identified.

4.1 The MLC test and uniform validity

Following the separate regression approach in Section 2, we conduct inference based on the
linear system of moment equations:

Ab =B (11)

A— Ay 0(K+1)><(M+1) 9 — th 8= B
Ok +1)x(M+1) Ay to Bo)’

as defined below equation (5). Note that rows of A depend on the propensity scores p(z) =
P(D=1|Z%Z = z) and § collects E[Y | D = d,Z = z], both of which can be consistently

estimated by their sample analogs A and B if we plug in the sample propensity scores p(z)

where

for the construction of A.

Let 1h(f) = A6 — 3 denote the sample moment function, and let (6) denote an estimator
of the asymptotic variance of \/n (), whose explicit form is given in Section 4.3. Under
weak identification, the matrix A is close to singular, so standard inference procedures that
treat it as being bounded away from full rank can be badly distorted. Therefore, I replace
A with a modified Jacobian that remains well behaved under weak identification. The

construction follows by two steps.

First, following Kleibergen (2005), I orthogonalize each column a; of A so that it is

asymptotically uncorrelated with the sample moment:

A~ A

d;(0) = a; — T;(0)Q0)tm(8),  j=1,...,2(M +1), (12)

where T';(f) estimates the asymptotic covariance between v/n(a; — a;) and /nm(0). Let
D() = (cfl(@), . ,CZQ(M+1)(9)) collect the orthogonalized columns.

Second, I perturb the orthogonalized Jacobian by a small random term of order n~='/2:

D(0) = D(0) + kn~Y2%, (13)



where © > 0 is a fixed constant and & € R2K+Dx2(M+1) ig 5 random matrix with i.i.d.
standard normal entries, drawn independently of the data. This perturbation ensures that
D(), after suitable rescaling and rotation, has full column rank almost surely in the limit
along every weakly identified sequence in the parameter space. The order n=/? is chosen
such that (1) In weakly identified directions, the singular values of D(0) are themselves of

1/2 50 a perturbation of the same order is needed to rule out a rank-deficient limit,

order n~
and (2) Under strong identification, by contrast, D(6) converges to a full-rank matrix and
the perturbation vanishes asymptotically, so the local efficiency of the procedure remains
unaffected. Following D. Andrews (2017), I set x = 107% in the simulations and in the

empirical application.

Using the modified Jacobian 13(0), I define the modified robust Lagrange multiplier
(MRLM) statistic

MRLM,,(6) = n1n(6)' Q(6) "/ Py Q(60) " /*m(0), (14)

where PQ(Q) denotes the orthogonal projection onto the span of

~

Q(8) = (6)2D(6) (D(6)2(6) ' D(9)) e € RAFHD,

and c is the vector that defines the causal parameter of interest ¢ (e.g., Table 1). The
vector Q(G) selects the efficient direction for testing hypotheses on ¢’6. This MRLM statistic
differs from the robust LM statistics of Kleibergen (2005), Chaudhuri and Zivot (2011), and
Andrews (2018) since the MRLM statistic uses the perturbed Jacobian D() in place of the
orthogonalized Jacobian D(#). This construction is the key that delivers uniform validity

across all identification strengths.

I also define the Anderson-Rubin (AR) statistic
AR, (0) = nm(0)'Q0) i (h), (15)
and combine the two into the modified linear combination (MLC) statistic
MLC,,(6) = MRLM,,(0) 4+ a - AR,,(0), (16)

where a > 0 is a tuning parameter that sets the weight on the AR statistic. The two
components play complementary roles. Under strong identification, AR, () diverges for
every # whose distance from the true value #* is of larger order than n=%/2. The AR term

therefore forces the test to have power against all such ‘distant’ alternatives. Within n~'/2-
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neighborhoods of §*, however, the MRLM term dominates when the weight a is small. The
projection test based on MLC,, is then approximately equivalent to the standard Wald test
for ¢’ under strong identification. The choice of a thus involves a trade-off. A small value
keeps the procedure close to the efficient Wald test under strong identification, while a larger
value places more weight on the AR statistic and on power against distant alternatives. I
set @ = 0.05 in the simulations and the empirical application. This choice is close to the
weight suggested by 1. Andrews (2018, page 343) for the dimensions used in the empirical

application of Section 6.

To test Hy: 8 = X at significance level a € (0,1), I use the projection test

¢MLC()‘) =1 Qe@i;rbff):)\ MLCn(Q) > Q(1+a)xf+ax§K+1(1 - a) ) (17)

where g 4, — ) denotes the (1 — a)-quantile of (1+a)x] + ax3x.,, with x7 and

IXTHax3x 1 (1

X341 independent. For A ¢ {¢0 : 0 € O}, I set duc(A) = 1 by convention. Inverting the
test yields the confidence set

Cure = {A € R : dure(N) = 0} (18)

In practice, I report the convex hull of Cyy,c. The convex hull is an interval and contains

Cvrc, so it maintains the coverage guarantee below.

Theorem 4.1. Let Assumption 2 hold, and suppose that the weight ¢ is a nonzero fixed
vector. Then we have
limsup sup Epdyrc(N)] < a.
n—o0o  (\,F)ePo

Theorem 4.1 shows that the MLC test controls asymptotic size uniformly over the null
parameter space Py defined in Definition 2.1. Consequently, Cyi.c has asymptotic coverage
of at least 1 —«a even when Assumption 1.7 fails or is close to failing. When € is only partially
identified, the coverage guarantee holds for every value of ¢’ in the identified set. To achieve
this robustness, the resulting test may be conservative. Because the test profiles over the
directions of # not pinned down by ¢’ = X, its null rejection probability can be strictly below
«, particularly under weak identification. This conservativeness is not substantive when
identification is strong. In Online Appendix E, I show that the MLC test is consistent for
distant (or fixed) alternatives and has comparable local power to the asymptotically efficient
Wald test under strong identification when the AR weight a is sufficiently small. These
findings highlight the usefulness of the MLC test for researchers seeking robust inference

against weak identification.
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The critical value g(;4)y2 (1—a) follows from a decomposition of the MLC statistic

+ax2

at the true value §*. The AR stzz;{t%tic measures the deviation of 2(K + 1) sample moments
from zero, relative to their sampling variability. The MRLM statistic keeps only the part of
this deviation along Q(@*), the direction most informative about ¢’6. The remaining 2K + 1
directions account for the difference AR,,(60*) — MRLM,,(0*). Rewriting the MLC statistic

in terms of these two components gives
MLC,(6%) = (1 4+ a) MRLM,,(6*) + a [AR,(6*) — MRLM,,(6*)].

The two components, MRLM,,(6*) and AR,,(0*) — MRLM,,(0*), are asymptotically indepen-
dent x? variables with one and 2K + 1 degrees of freedom, respectively. Hence, MLC,,(0*)
is asymptotically distributed as the weighted sum (1 + a)x? + ax35 1

4.2 Relation to Current Literature

The MLC test builds on the linear combination (LC) test of I. Andrews (2018), which
combines a subvector robust LM statistic with the AR statistic for inference on functions of
weakly identified parameters. The main difference from I. Andrews (2018) lies in the type of
weak identification. See Appendix C for technical details. His validity result is sequential and
hinges on high-level conditions (in Assumption 4) that require the orthogonalized Jacobian,
after suitable normalization, to converge to a Gaussian matrix of full rank. These conditions
can be trivially satisfied when weak identification is of the local-to-zero type, that is, when
the Jacobian (or a block of its columns) shrinks to zero at rate n=/2, as in Stock and Wright
(2000), Kleibergen (2005), and Chaudhuri and Zivot (2011). In the MTE model, however,
weak identification can happen whenever the propensity scores approach a set on which
Assumption 1.7 fails, so that A converges to a singular but nonzero matrix. Along such
local-to-singularity sequences, the orthogonalized Jacobian, after normalization, may have
a rank-deficient limit, and the high-level conditions of I. Andrews (2018) need not hold. I
address this problem in two steps. First, I normalize the orthogonalized Jacobian through
a singular value decomposition (SVD) of A, which extends the argument of Andrews and
Guggenberger (2017) from the full parameter vector to linear functionals ¢’f. Second, I
perturb the orthogonalized Jacobian as in (13) by drawing insights from the AR/LM test
constructed by D. Andrews (2017), so that its normalized limit has full rank almost surely.
These two steps deliver uniform validity established by Theorem 4.1 under the primitive
conditions in Definition 2.1, which addresses, for the inference in a nearly singular linear

system, the question of uniform validity that I. Andrews (2018, page 347) leaves open.
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The closest related work on inference under near singularity is Han and McCloskey (2019),
who study GMM models with a nearly singular Jacobian. In their framework, the singularity
arises only through a single source as a parameter vector measuring identification strength
approaches zero. In contrast, the higher-order MTE model with M > 2 does not fit this
structure, because Assumption 1.7 does not hold whenever the propensity scores take fewer
than M + 1 distinct values. This implies identification can fail along multiple directions
as the propensity scores approach a set, rather than a point. Another related approach is
the refined Bonferroni test of D. Andrews (2017), which is uniformly valid for subvector
inference. However, it requires additional tuning parameters to categorize identification
strength and does not directly address inference on a linear function ¢’#, which is the focus
of this paper. In principle, his test could be applied to ¢’# after reparametrizing the model,
but finding a universal reparametrization rule that works for all linear hypotheses of interest
while keeping the asymptotic analysis tractable remains challenging. Like the procedures of
Chaudhuri and Zivot (2011), D. Andrews (2017), and I. Andrews (2018), the MLC test is not
asymptotically similar under weak identification, as it profiles over the nuisance directions of
0. In this respect the MLC test complements the conditional Wald test of Section 3, which is
asymptotically similar but limited to linear MTE models. Finally, it is crucial to note that
existing inference results for MTE models (Carneiro and Lee, 2009; Mogstad et al., 2018;

Sasaki and Ura, 2023) do not consider weak identification.

4.3 Implementation of the MLC test

In this section, I describe the implementation of the projection test based on the MLC

statistic.

1. Construct the key quantities for the test statistics.

(a) Construct the estimators p and B , as well as their asymptotic variance estimators

ip and 2/3, as in section 2.4. Plugging p into A then gives the estimator A.

(b) Estimate the asymptotic variance of \/n () by
Q6) = H(p,0)5,H(p, 0)' + 5, (19)

where

Hip.) diag § "M 01, N (p(20) £ =0,1,... K 20)
D, = .
diag § "M O N (p(20)) : £ =0,1,..., K
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(¢) Compute the orthogonalized columns dj (0),j=1,...,2(M + 1), defined in (12),

using the covariance estimator

0;(0) = M;(p)S,H(p,0), (21)
where - _
L 1(p
i-1(P) ifj < M+ 1,
. O +1)x (K +1)
M;(p) = n - (22)
(K+1)x(K+1) lfj > M+ 1’
R m—a(p)

\ L _

with, for m =0,1,..., M,

L (p) = diag{A1,,,(p(20)); - - - A (P(2)) }

R (p) = diag{Xo,,,((20)), - - Aoy (D(2K)) }-

(d) Collect the columns into D(#) and compute the perturbed Jacobian D(6) in (13),
with k£ = 1079 following D. Andrews (2017).

2. For each § € O, compute the MRLM statistic (14), the AR statistic (15), and the
MLC statistic (16). For the empirical application and simulation studies, I set the AR
weight to a = 0.05, which is close to the suggested weight a(vy) of I. Andrews (2018,
page 343) with a = 5%, v = 10%, and K = 14, consistent with the application in

section 6.

3. For a significance level a € (0,1), profile the MLC statistic over the linear manifold
{0 € ©: 0 = )\} and reject Hy: 6 = X according to the projection test (17), whose
critical value is the (1 — a)-quantile of (14 a)x7 + ax3x,1 with X7 AL X351

Inverting the test gives the confidence set Cyrc in (18), and I report its convex hull.

5 Monte Carlo Simulation

In this section, I compare the finite-sample performance of the proposed MLC test with the
classical Wald test based on moment conditions (11) using simulated data from a simple

quadratic MTE model with a three-valued instrument. The power comparison between
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conditional Wald tests, MLC tests, and classical Wald tests in a linear MTE model can be
found in Online Appendix G.

Consider a DGP specified as follows: For each d =0, 1,

Yo=pa+ Vg
D =1[U < p(Z)]

1 1
Vi = par (U—§) + pa2 (U2—§) + €q,

where Z is uniformly distributed over three points {zo, 21, 22} and is independent of (U, ey, ep);
U is uniformly distributed over [0, 1] and is independent of the error term (ey,ep), which
follow a joint normal distribution with zero mean and covariance matrix ¥, = 0.5 I5y5. For

simplicity, I set uy = pg = 0 and impose strong endogeneity by specifying
p1i1=pi2=—5 and po1 = po2 = 5.

Regarding the specification of the propensity score p(z) for z € {29, 21, 22}, I fix p(z9) = 0.5
and let (p(z1),p(z2)) vary across (0.05,0.95)% to generate a variety of degrees/directions of
weak identification. By drawing 2,000 i.i.d. simulation samples, I implement the Wald test
and the MLC test with AR weight a = 0.05 to assess the null hypothesis on testing ATE
Hy : 11— o = 0. The average null rejection rates based on 5% significance level are displayed

in Figure 2.

The null rejection rates reveal distinct patterns in tests’ performance across propensity
score variation. The conventional Wald test exhibits under-rejection when all three propen-
sity scores are close, indicating trivial power in this weakly identified scenario to be shown
in Figure 3(c). When the propensity scores cluster at two points (i.e., when either p(z1) or
p(z2) equals p(z9) = 0.5), the ATE parameter becomes partially identified, and the Wald
test’s rejection rates reach 14%, substantially exceeding the nominal 5% significance level.
This demonstrates the Wald test’s invalidity under identification failure. In contrast, the
proposed MLC test maintains proper size control across all propensity score combinations,

demonstrating its robustness against weak identification.

Figure 3 compares the power of the MLC and Wald tests across different identification
scenarios. In Panel (a), where propensity scores are well-separated (strong identification),
the Wald test achieves asymptotic efficiency, and the MLC test delivers comparable rejection
power. In Panel (b), where the propensity score takes only two distinct values (partial

identification), the Wald test exhibits not only size distortion at the null but also power
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Figure 2: 3D Plot of Empirical Size for MLC and Wald Tests
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Note: The plots show empirical rejection rates for testing the null hypothesis Hy : ATE = 0 at the 5%
significance level. The upper panel presents three-dimensional surfaces of rejection rates, while the lower
panel shows the corresponding contour plots. Each plot varies p(z1) and p(z2) across (0.05,0.95) with p(zo)
fixed at 0.5. The contour lines correspond to rejection rates of 2.5%, 5%, 7.5%, 10%, and 12.5%, with
regions between these lines representing intermediate rejection rates. Darker regions indicate lower
rejection rates.

loss at alternatives. In contrast, the MLC test maintains correct size and almost surely
rejects distant alternatives outside the identified set. In Panel (c¢), where propensity scores
are clustered together (weak identification), the Wald test’s rejection rates fall consistently
below the nominal level, indicating negligible power, while the MLC test retains nontrivial

power at distant alternatives.

6 Empirical Application to Misdemeanor Prosecution

In this section, I revisit the empirical analysis by Agan et al. (2023), who examined the causal
effects of misdemeanor prosecution on defendants’ subsequent criminal activity. Based on the
quasi-randomized assignment of nonviolent misdemeanor cases to assistant district attorneys
(ADAs), their LATE and MTE estimates demonstrate that nonprosecution leads to a large

reduction in the likelihood of defendants’ future criminal involvement over the next two

27



Figure 3: Power Curves of the MLC and Wald Test
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years. To study the policy effects of increasing nonprosecution, they analyzed the impact
of imposing a presumption of misdemeanor nonprosecution by relying on an existing policy
change issued by a new district attorney. In this section, I use their data to answer some
policy-relevant questions concerning the exogenous change in ADA nonprosecution rates.
My approach does not require the additional data or information related to an actual policy

that is already implemented, but instead extrapolates causal effects to address this issue.

Similar to their analysis, I use the MTE framework to extrapolate treatment effects
outside compliers. However, my goal is to analyze causal effects of implementing several
counterfactual policies on ADA leniency, which were not explored in their empirical studies.
To adapt their data into the framework considered in this paper, I implement the proposed
inference procedure conditional on each court and use ADAs’ identity as the discrete in-
strument since ADAs are randomly assigned conditional on courts and time. To avoid bias
introduced by many instruments (see the references in Mikusheva and Sun (2022) for further
discussions), I combine ADAs into a total of 15 groups for each court, excluding the smaller
courts (BRI, CHE, and CHA) due to insufficient ADA counts.

Let the treatment D be the nonprosecution status of defendants (that takes value 1 if
the defendant is not prosecuted) and the outcome Y be the indicator of subsequent criminal
complaints within two years postarraignment. To validate the strong overlap condition on
propensity scores, I focus on ADAs that handle more than 50 cases and have nonprosecution
rate at least 0.025 within each court. The summary statistics of ADAs’ nonprosecution rates
conditional on each court are provided in Table 2 below. From this table we can see that the
range of propensity scores varies from 0.21 to 0.50 across different courts. When employing
a high-order polynomial MTE model such as the cubic specification in Figure IV of Agan
et al. (2023) in this setup, the finite-sample performance of confidence sets may be too poor
to guarantee valid coverage. Specifically, in Online Appendix H, I show the evidence of weak
instruments in cubic and quartic MTE models, while the classical F' test (with threshold
10) does not deliver the same conclusion. The reason is that F' statistic aims to detect
deviations from the null where all propensity scores are equal to each other. However, this
is not sufficient to strongly identify MTE models with flexible structure that require three

or more propensity score to be well separated from each other (see Figure 1).

For all the counterfactual experiments, I consider an exogenous change to the ADA
nonprosecution rates. Let p°(z) be the counterfactual propensity score of not prosecuting

defendants, where € is a nonnegative scalar (or vector) denoting the degree of deviation from
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Table 2: Summary Statistics of Nonprosecution Rates across Courts

Nonprosecution Rate
Court ~ Number of ADA  n\iiy Mean  Max  Sample Size

SBO 16 0.04 0.24 0.54 3,921
EBOS 22 0.08 0.32 0.53 7,566
WROX 43 0.05 0.37 0.55 8,905
BMC 65 0.04 0.17 0.4 9,593
ROX 66 0.06 0.16 0.33 13,333
DOR 73 0.04 0.13 0.43 13,523
CHA 4 0.09 0.24 0.42 362
CHE 12 0.07 0.16 0.3 872
BRI ) 0.14 0.29 0.48 885

Notes: Courts include South Boston (SBO), East Boston (EBOS), West Roxbury (WROX), Central
(BMC), Roxbury (ROX), Dorchester (DOR), Charlestown (CHA), Chelsea (CHE), and Brighton (BRI).

status quo. I compare the induced outcome Y€, defined as
Y =W1[U < p"(2)] + Yo1[U > p*(Z)]

with the observed outcome Y in the data.

Similar to the policy invariance assumption imposed by Heckman and Vytlacil (2005),
suppose that this counterfactual change on propensity score does not shift the distribution
of potential outcomes and unobserved cost U of being selected into treatment, therefore
omitting any “general equilibrium” effects that may arise after the change of prosecution
rates. I consider three different comparisons between the counterfactual outcome Y and the

observed outcome Y':
1. Non-normalized policy effects:
ale) = E[Y —Y]. (23)

This criterion follows from Heckman and Vytlacil (2001). The term “non-normalized”

distinguishes these effects from the policy-relevant treatment effects discussed below.

2. Policy-relevant treatment effects (PRTE)

a(e) = . (24)

This criterion follows from Heckman and Vytlacil (2005). This quantity can be inter-
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preted as the treatment effect for units shifted into treatment via the counterfactual
policy. Note that the additive PRTEs suggested by Carneiro et al. (2010, 2011) and
Mogstad and Torgovitsky (2018) are special cases of @(e) for particular choices of p,

as described in equations (26) below.

3. Marginal policy-relevant treatment effects (MPRTE)

L E Y]
O = B Ep @ w2

(25)

This criterion follows from Carneiro et al. (2010). When p°(z) > p(z) for all z €
supp(Z), this parameter can be interpreted as the average treatment effects for marginal

defendants at the edge of being prosecuted.

Next, I discuss the counterfactual propensity scores of interest and present confidence

sets for these policy effects.

6.1 Marginal policy relevant treatment effects

First, suppose policymakers increase the ADAs’ nonprosecution rates by a positive constant

¢, where € > 0. Consider the additive marginal PRTE « (0) under the new policy:

Additive change: p(z) = p(2) + ¢, (26)

Table 3 collects the 95% and 90% confidence sets on marginal policy effects a, (0) for the
additive leniency increase in equation (26) by letting e approach zero. The “unconditional”
confidence sets are obtained without controlling for court identities, whereas the “average”
confidence sets are weighted averages of court-specific confidence sets weighted by the size
of courts. The differences between these two sets of results highlight the importance of
adjusting for court identity as a confounding variable. Incorporating court identity generally

increases the uncertainty of causal effect predictions.

Comparing average Wald confidence sets with average MLC confidence sets, the results
show that weak identification is a potential concern for cubic and quartic specifications. In
such cases, robust confidence sets may not be informative about the sign of causal effects due
to the inability to estimate a highly flexible model by using limited variation of propensity
scores. Although the ranges of both confidence sets are similar under the quadratic spec-

ification, Wald confidence sets remain negatively significant, whereas MLC confidence sets
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Table 3: 95% (top) and 90% (bottom) Confidence Sets for Additive MPRTE «, (0)

MTE polynomial Wald MLC
Uncond. Linear [-0.19, -0.11] [-0.17, -0.13]
Uncond. Quadratic [-0.19, -0.11] [-0.18, -0.13]
Uncond. Cubic [-0.17, -0.06] [-0.15, -0.08]
Uncond. Quartic [-0.18, -0.05] [-0.17, -0.06]
Average Linear [-0.24, -0.03] [-0.23, -0.03]
Average Quadratic [-0.29, -0.01]  [-0.33, 0.09]
Average Cubic [-0.32, 0.03] [-0.79, 0.59]
Average Quartic [-0.39, 0.01]  [-0.76, 0.61]
Uncond. Linear [-0.18, -0.12] [-0.16, -0.14]
Uncond. Quadratic [-0.19, -0.12] [-0.17, -0.14]
Uncond. Cubic [-0.17,-0.07] [-0.14, -0.09]
Uncond. Quartic [-0.17, -0.06] [-0.13, -0.08]
Average Linear [-0.22, -0.04] [-0.21, -0.06]
Average Quadratic [-0.27,-0.04]  [-0.28, 0.01]
Average Cubic [-0.29, -0.00]  [-0.60, 0.34]
Average Quartic [-0.35, -0.02]  [-0.63, 0.38]

Note: Results for the classical Wald and MLC confidence sets under polynomial specifications up to the
fourth order. The counterfactual policy considered is a uniformly additive increase in nonprosecution rates
by a marginal amount. The top panel reports the 95% confidence sets, and the bottom panel reports the
90% confidence sets. The “Uncond.” confidence sets are obtained without controlling for court identities,
whereas the “Average” confidence sets are weighted averages of the court-specific confidence sets, with
weights proportional to court size.

lose such significance due to weak identification. In Online Appendix H (Table 5), I evaluate
the strength of identification for the marginal PRTEs based on the additive change in (26).
The findings further confirm the presence of weak identification for MTE models with cubic

or quartic orders.

6.2 Quota

Instead of mandating all ADAs to increase their nonprosecution rates simultaneously, it
might be more convenient for policymakers to set up lower and upper bounds for ADA
nonprosecution rates. For example, let ¢ = (¢,€) € [0,1]* with ¢ < € denoting the lower
and upper bounds of ADAs’ nonprosecution rate, respectively. Then the counterfactual

propensity score becomes

p(z) = min(max{e, p(2)}, €)
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Since this counterfactual propensity score is non-smooth in p(z) which may invalidate the

inferential results, I employ a smooth approximation as follows:

€ 1 —1 1
p (27(25) - —glog <e¢p(z) + ede T E) '

One can show that p(z;¢) — p(2) as ¢ — oo. In practice, I set ¢ = 30 to approximate the
counterfactual propensity score p¢(z). I analyze the (non-)normalized policy effects when
policymakers implement a lower bound € € [0.05, 0.3] while maintaining € = 1 for each court.

For notational consistency, I use € to denote the value of this lower bound instead of e.

Figure 4: 95% (top) and 90% (bottom) Average Confidence Sets for Non-normalized Policy
Effects a(e) when Setting a Lower Bound € for Nonprosecution Rate

Linear 95% Confidence Set (Avg) Quadratic 95% Confidence Set (Avg) Cubic 95% Confidence Set (Avg)
2 2
1
>~ S~ >
A A A
3 -4 -4
0.05 0.1 0.15 0.2 0.25 0.3 0.05 0.1 0.15 0.2 0.25 0.3 0.05 0.1 0.15 0.2 0.25 0.3
€ € €
Linear 90% Confidence Set (Avg) Quadratic 90% Confidence Set (Avg) Cubic 90% Confidence Set (Avg)
1 2
>~ >~
2] 2]
[=) A

0.05 0.1 0.15 0.2 0.25 0.3 0.05 0.1 0.15 0.2 0.25 0.3 0.05 0.1 0.15 0.2 0.25 0.3
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‘ -------- Wald CS MLC CS ‘

Note: Results for the classical Wald and MLC confidence sets under polynomial specifications up to the
third order. The counterfactual policy under consideration is a universal lower bound on the
nonprosecution rates shown on the x-axis. The y-axis depicts changes in recidivism rates (in percentage
points). The top row presents the 95% confidence sets, and the bottom row presents the 90% confidence
sets. All confidence sets are computed as weighted averages of the court-specific confidence sets, with
weights proportional to court size.

Figure 4 displays the average confidence sets for the non-normalized policy effects a(e)
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of implementing a lower bound on nonprosecution rates. Under linear extrapolation, the
results suggest that imposing a lower quota on nonprosecution is beneficial. However, this
evidence becomes less conclusive with quadratic and cubic specifications as the lower bound e
increases, reflecting limitations of available exogenous variation at higher extrapolation levels.
The Wald confidence sets appear “spuriously precise” by failing to account for this limited
IV variation. Consequently, policy recommendations derived from the robust MLC approach
may differ from those based on the classical Wald approach. For instance, based on the 90%
confidence sets from the quadratic MTE model, policymakers concerned with robustness
to weak IVs may prefer setting the minimum nonprosecution rate below 20%, since the
reductions in recidivism become insignificant above this threshold under robust confidence
sets. This sign reversal could potentially be driven by the fact that defendants with greater
risk of recidivism are more likely to be released as the lower bound of nonprosecution rate

increases.

7 Conclusion

In this paper, I propose two robust inference procedures for a class of causal effects identified
by MTEs with discrete instruments. For the linear MTE model, I introduce a conditional
Wald test, which is simple to implement and asymptotically similar regardless of identifi-
cation strength. For a broader class of MTE models that nest polynomial specifications,
I propose a modified linear combination test that achieves uniform validity against weak
identification and has satisfactory power properties under strong identification. Finally, I
use the proposed methods to investigate the counterfactual effects of manipulating ADAs’

leniency in the study of misdemeanor prosecution by Agan et al. (2023).

There are several avenues for future research. First, while this paper focuses on using
discrete variation from instruments, extending the weak IV analysis to a semiparametric
MTE model with continuous propensity scores would be empirically relevant. In addition,
the MLC test requires the choice of tuning parameter on the weight of AR statistics, which
trades off the power of test under different identification strengths (see more discussion
in Online Appendix E). It would be interesting to investigate the optimal choice of this
tuning parameter following the regret analysis of Andrews (2016). Finally, extending robust
inference techniques to accommodate many weak instruments would be valuable, especially
considering the typically large number of judges involved in empirical studies (Jochmans,
2023).
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A  Proofs of Main Results

This Appendix provides proofs of results in the main text: Proposition 3.1, Theorem 3.1,
and Theorem 4.1. These proofs rely on Proposition A.1 and Proposition A.2, which are
stated in this Appendix and proved in the Online Appendix D.

Throughout the appendix, we employ the notation in Table 4, which was not necessarily
introduced in the main text. In particular, the subscript F' emphasizes dependence on the
distribution F', and the numerical subscripts (such as d, ¢, and k) following the subscript F’

refer to the corresponding index of the parameter vector.

Table 4: Important notation

qr(2) Pr(Z = 2)

br (pr(20),pr(21); -, pr(2K))

Ap The matrix of propensity scores defined in equations (5) and (11)
BE,ae Er[Y | D =d,Z = z)]

Br.d (Brao, - - -+ Brax)’

BF (ﬁ%‘,l? B.IF,O)/

0% ar varp(Y | D =d, Z = z)

Br,Cr The SVD of matrix Ap defined in (27)

{7}, F}?(:Afﬂ) The singular values of Ap (in a descending order)

A.1 Proof of Proposition 3.1 and Theorem 3.1

The proof of asymptotic similarity of the AR and conditional tests in Proposition 3.1 and
Theorem 3.1 uses the sub-sequencing techniques from Andrews et al. (2020). Specifically, I
verify their Assumption B* in the following Proposition A.1.

Proposition A.1. For any subsequence {p,} of {n} and any sequence {(\,,, F},) € Po} for
which

1. 0p, — 0O € O, where 0, is a sequence of parameters such that (0p,, , F),) € P and

)\pn = Clern;
2. Br,, a0 = Booae for d=0,1and £ =0,1,..., K;

3. 0%y Ouford=0land £=0,1,...,K;
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4. pp,, (20) = Poo(2¢) for all £ = 0,1,...  K;

5. qr,, (20) = Qoo(2¢) for all £ =0,1,..., K;
The following result holds:

(a) the convergence of the type-I error rate of AR test:

lim Pp (Aan,k()\pn) > gz (1 — a)) =a, fork=1,..., K,

n—oo

(b) Suppose further that

Van/]TFpn” — wOO € [O’ OO]? and WFpn/Hﬂ—Fan — oo,

where (o, is a unit vector’, then we have the convergence of the type-I error rate of the
conditional test
lim Pr, (W, (Ap,) > qw+(1 — ) = a.

n—oo

Proof of Proposition 3.1. This proposition is a consequence from Corollary 2.1(c) of Andrews
et al. (2020) after replacing “CP (Coverage Probability)” with “RP (Null Rejection Prob-
ability)” as noted in Comment 4 below their Theorem 2.1. Assumption B” in their paper
is verified by Proposition A.1(a) by taking their parameter A\ to be (A, F') in our notation,
and by letting their function h(\) correspond to (6, 3,02, 4.0:D> ), where 0 is an element of
O satisfying 6 = X\ and (0, F)) € P. (By the definition of Py, such a € exists.) O

Proof of Theorem 3.1. This theorem is a consequence from Corollary 2.1(c) of Andrews et al.
(2020) after replacing “CP (Coverage Probability)” with “RP (Null Rejection Probability)”
as noted in Comment 4 below their Theorem 2.1. Assumption B” in their paper is verified by
Proposition A.1(b) by taking their parameter A as (A, F) in our notation, and their function

hn(A) to correspond to the vector

(97 ﬁ? {USg}d,Z;p7 q, \/ﬁHﬂ-H?ﬂ-/Hﬂ-H)?

where 6 is an element of © satisfying ¢0 = X and (6, F') € P. O]

Define 7/||7|| = 1xx1/VK if x| = 0.
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A.2 Proof of Theorem 4.1

The proof of uniform size control in Theorem 4.1 uses the subsequencing technique of An-
drews et al. (2020). I verify part of their Assumption B in Proposition A.2 below. The propo-
sition is stated along drifting sequences of distributions, and it characterizes the strength of
identification through the SVD of Ap.

For each distribution F, let
Ap = Cpllp By (27)

be a SVD of Ap € RAKHDX2M+D)  Here Cfp € RAKH)X2KH) gand Bp € RAMHDX2AM+) gre
orthogonal matrices whose columns are the left and right singular vectors of Ag, respectively,

and
M, — diag{m p, ... ,TQ(M+1)7F} ’ TP > Top > > e > 0.
O2(r—nyx2(M+1)
The matrix IIr has this form because K > M in Definition 2.1. The singular values 7; p
are unique, but Br and Cp are not. For each F, fix one such pair (Bp, CF), and the results
below hold for every choice. The test statistics do not depend on Br or Cp, which enter

only the proofs.

Proposition A.2. Let {p,} be any subsequence of {n}, and let {(),,, F},,)} be any sequence

in Py that satisfies the following conditions:

1. O

P

. — 0 € O, where (0p, ,F,,) € Pand \,, =g, ;
2. Br,, 4t = Boo,ae for d=10,1and £ =0,1,..., K;

3. 0%y Oy ford=0land (=0,1,...,K;

4. pp,, (20) = Poo(2¢) for £ =0,1,. .., K;

5. qr,, (20) = Qoo(2) for £ =10,1,..., K;

6. Bp, — B and Cfp, — Cx, where Bp and Cp are defined in (27);
7. \/]TnTj7FPn — tj c [0, OO] for j = 1, R ,2<M+ 1)
Then

limsupPp, <C/ain£p MLC,, (6) > q(1+a)x¥+ax§K+1<1 — a)> <a.

n—oo
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Proof of Theorem 4.1. This theorem is a consequence from Corollary 2.1(a) of Andrews et al.
(2020) after replacing “CP (Coverage Probability)” with “RP (Null Rejection Probability)”
as noted in Comment 4 below their Theorem 2.1. Assumption B in their paper is verified
by Proposition A.2 by taking their parameter A as (A, F') in our notation, and their function

hn(X) to correspond to the vector of

(97 67 {032}(1,% b4, Ba C) {\/ETJ }3(:]\{[+1))?

where 6 is an element of © satisfying ¢0 = X\ and (6, F) € P. O

B Inference under Additive Separability

Empirical studies of MTE models usually include covariates W € R’ and assume that
the MTR functions are additively separable in the covariates and the selection unobservable
(Brinch et al., 2017, Assumption 2). In the empirical application of Section 6, I do not impose
this assumption. Instead, I condition on covariates and apply the robust procedures within
each covariate value. In this appendix, I first explain why additive separability is a strong
assumption. I then show how to implement the MLC test of Section 4 when researchers still

want to maintain it.

B.1 Two concerns with additive separability

For a coefficient vector 75 € R, let Vy; =Y, — g — W'ty for d = 0, 1.

Assumption 4 (Additive separability). For d = 0,1, E[Y; | W, U] = pq + W'ty + E[V, | U].

Assumption 4 rules out any interaction between W and U in the MTR functions. It
allows the MTE to be estimated on the unconditional support of the propensity score,
because variation in W is pooled with variation in the instrument (Carneiro et al., 2011,

Section I.B). There are two concerns with this assumption.

The first concern is misspecification. In an earlier version of this paper (Ren, 2025, Section
5), T generalize the specification of Kline and Walters (2019, equation (12)) by letting the
coefficient on the selection unobservable vary linearly with W, which violates Assumption 4.
Theorem 5.1 of that version shows that imposing Assumption 4 on this DGP can significantly
bias the ATE, the conditional ATE, and the slope of the MTE. The bias is driven by the
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heterogeneous effects of W that vary with U and by the imbalance of W between the treated
and untreated groups. It persists even when W is uncorrelated with the control functions of

the propensity score up to second moments within each treatment group.

The second concern is more fundamental. Assumption 4 can point identify the model
without any excluded instrument when the outcome equations are linear in W and the
propensity score is nonlinear in W (Pan, Wang, Zhang, and Zhou, 2024). In that case,
the identifying power comes from the functional form and from covariates that enter both
the selection equation and the outcome equations, not from exogenous variation in the
instrument. As a consequence, the instrument may be weak while the model appears strongly
identified, and the source of that strength is mainly driven by functional form and endogenous

covariates. For these two reasons, I do not rely on Assumption 4 in the empirical application.

B.2 A model with covariates
Consider the model
Yo=pa+Wirg+Vy, D =1[U < W'nr +74(Z)], ULW,Z), U~Fy, (28)

where Z is a discrete instrument, 7z : supp(Z) — R, and Fy is a known CDF, such as the
logistic or the standard normal CDF. The propensity score is p(w, z) = Fy(w'n + mz(2)).
Under Assumption 4, T maintain E[V; | W, Z, Fy(U) = u] = 3" pamhm(u) for d = 0, 1.
The MTE is then

M
MTE(w,u) = puy — po + w'(11 — 70) + Z Prm = Pom)hm ().
m=1

For the PRTE in (24) with a counterfactual propensity score p*(w, z) as in Section 6,

afe) = Ml—MO‘HUé(Tl—To)‘FZl 1m(P1m = Pom), We = ]E[Igj[;:?;/,z;)__p;?/ﬁ/’z;)?/L (29)

where ¢, is the PRTE weight in Table 1 with p(Z) replaced by p(W, Z).

B.3 Implementation for the PRTE

Weak identification affects only the coefficients p = (p!, p;)’ on the control functions. For

a fixed p, the coefficients (14, 74) can be recovered from a linear regression on (1, W’) and
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are strongly identified when 7, (var(WW | D = d)) is bounded away from zero. I therefore

concentrate out (pg, 74) and apply the MLC test to moment functions on p.

Algorithm B.1 (MLC inference on the PRTE under additive separability).

1. In the first stage equation, estimate (m, 7z) by maximum likelihood with known Fy,
and compute p; = Fy (W7 + 74(Z;)) and pt.

2. Ford =0,1, let 17(“ and dei be the residuals of Y; and of the control functions A\y(p;) =
(Aa1(Di), - -, Aane (i) from their regressions on (1, W/) in the subsample {i : D; = d}.

)

Construct the moments
X 1 & = o~
md(pa) = > faWi, Z)UD; = d] (Yas — Ma(Bi) pa).
i=1

where fy(w,z) € RP with p > M is chosen so that the asymptotic variance of the
moments is nonsingular. The stacked moment m(p) is affine in p, so it has the form
Ap — f3 of (11) with p in place of 6.

3. Replacing (ftq, 74) with their concentrated OLS estimators and (w,, ¢;,,,) with sample
analogs in (29) writes the PRTE as ¢y + ¢,p, with weights estimated as in Online
Appendix F.

4. Construct the MLC statistic (16) as in section 4.3, with variance estimators that ac-
count for the first stage in step 1. Reject Hy: a(€) = anu if the MLC statistic profiled
over {p : ¢+ ¢,p = anu} exceeds the (1 —a)-quantile of (1+a)x? +ax3, ;, and invert
the test over A.

I do not establish the uniform validity of Algorithm B.1 in this appendix. Its validity also
relies on Assumption 4 and on the parametric first stage, which are subject to the concerns

in section B.1.

C Technical Details on Comparison with Andrews (2018)

Section 4.2 briefly explains why the high-level conditions of I. Andrews (2018) need not
hold along local-to-singularity sequences in MTE models. This appendix provides more
details through two examples. The linear MTE model motivates the SVD normalization,

and the just-identified quadratic MTE model shows why normalization alone does not deliver
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uniform validity. Along a sequence (6, , F,,) € P, I evaluate all quantities at 5, and write

Why the SVD normalization. Assumption 4.1 of I. Andrews (2018) requires full-rank,
nonrandom matrices A, with entries of order O(y/n) such that DALH converges to a Gaus-
sian matrix of full column rank almost surely. In Stock and Wright (2000) and Chaudhuri
and Zivot (2011), Ay, rescales the local-to-zero columns of the Jacobian, which correspond
to a known set of weakly identified parameters. MTE models do not have this structure.
Let K = M =1 and h(u) = u — %, so that A\j1(z) = %% and Agi(z) = %, and set
pr,(20) = p € (0,1) and pg,(21) = p + v, with v, — 0. Each block A4 p, has determinant
Un/2, so Ap, = diag{A: r,, Ao r,} converges to a singular but nonzero matrix. The data
strongly identify the conditional mean of the outcome, jig+ pa1Aa1(p), but neither g nor pg
separately. The strong and weak directions, which are the right singular vectors of Ap, with
nonvanishing and vanishing singular values, lead to strongly identified and weakly identified
linear combinations of the parameters. The choice Ay, = /nl of Kleibergen (2005) fails
too because \/nAp, diverges. The SVD normalization /nDBp, Uy, in (27) and (43) handles
this by rotating D onto the singular directions of A r, and rescaling each one. It enters only
the proof, since the statistic in (14) is invariant to it. The remaining question is whether the
normalized limit D of Lemma D.4 has full column rank. The rest of this appendix shows
that it does in the linear model but can fail in the quadratic model, which is what the second

modification, the random perturbation, addresses.

The limit of the weak columns. Consider sequences along which all propensity scores

collapse to a common p faster than n=1/2:

ol — —1/2
max [pr, (22) = pl = o(n™"/%). (30)

For A, (u) = u™ — m+r1, each block Ay g, then converges to a rank-one matrix whose rows all
equal (1, \g1(p), ..., Aam(p)). So each block has one strong direction and M weak directions,
which span the null space of this row. Let By = (bg1, .. ., b4 ) collect them. Along the weak
directions, /n7;r, — 0, so the weak columns of D have no deterministic part and consist
only of the sampling noise diag{Zp 1B, Zp 0By}, where Zp 4 is the limit of \/ﬁ(f?d —Aur,).

Hence D has full column rank only if this noise does.

To compute it, let sg(2;b) = SN by Aam(z) for b € RM*1 the change in the conditional
mean when 6; moves along b. The delta method gives \/n(Ag — Agp, )b 4 sl (p; b) Z,, where
Z, is the limit of \/n(p — pg,). The orthogonalization in (12) replaces Z, by its residual

R = Z,—cov(Z,, Zy) var(Zy,) ' Z,, whose variance is positive definite under Definition 2.1.
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Therefore

ZD,dBd = R(s’d(p; Bd,l): ce 521(17; Z_)d,M)>- (31)

This outer product has rank at most one. Because every slope is evaluated at the common
limit p, all columns of (31) are multiples of the same vector R. Therefore, whether D has

full rank depends on the number of weak directions per block, M.

Linear MTE model. For K = M = 1, each block has a single weak direction,

_ 1—p, 2) _ —p, 2)
Blz ( p’) B_(p’)

’ 00— = F
(1—-p)2+4 VP +4

Under (30), Lemma D.4 and (31) give, up to column order and signs,

D — dia Laxs R losx1 R
WV Voo ra) Ve e ea) [

where 1547 is the two-vector of ones. Since R is nondegenerate Gaussian, it lies outside the
span of 1oy almost surely. So D has full column rank, and Assumption 4 holds along this

sequemnce.

Just-identified quadratic MTE model. For K = M = 2, each block has two weak
directions, but by (31) their 3x2 noise matrix Zp 4By has rank at most one. Hence rank(D) <
2+ 2 =4 < 6 almost surely. The same argument gives rank(D) < 4 < 2(M + 1) for any
polynomial MTE model with M > 2 along sequences satisfying (30), so (30) with M > 2 is

sufficient for a rank-deficient normalized limit.

Consequences. The rank deficiency is not an artifact of the SVD normalization. In the
quadratic example, no other normalization A;, allowed by I. Andrews (2018) restores full
column rank. Any such convergent normalization has, along a subsequence, a limit DN for
a nonrandom N, which remains singular.® So Assumption 4 fails along a sequence in the
parameter space. Without the perturbation, the normalized limit of D'O7'D is singular,
so the full-rank conditioning argument behind the x? limit is unavailable, even though the
finite-sample inverse may exist. The perturbation xkn~=/2¢ in (13) adds KEBa(M41)—q,00 tO the
weak columns, where By(ar41)—q,00 collects the limiting weak right singular vectors of Ap,

and ¢ counts the directions with y/n7; s, — co. This independent Gaussian term makes the

5Write lA)ALn = (\/ﬁlA)BFn\I'Fn)l\fn7 where N,, = n_l/Q\Il;:B},nALn. A row j of N, with /n7; F,
bounded is bounded because A1, = O(y/n). A row j with \/n7; r, — oo equals ¢} p Ap, A1, where ¢; g,

is a left singular vector, and is bounded because DA, ,, is tight and v/n(D — A, ) = O,(1). Hence N, is

bounded and has a convergent subsequence. Denote the limit as V.
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normalized limit full rank almost surely and independent of the moment limit along every
subsequence in Lemma D.4, as Lemma D.5 establishes. The linear example does not need

it, but it is necessary for uniform argument over the general parameter space.
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Abstract

This document contains a set of results that accompany the main text. Appendix D provides
proofs of the omitted results stated in Appendix A. Appendix E establishes consistency and
conducts local power analysis for the MLC test introduced in section 4. Appendix F shows
how to extend the proposed methods to settings with estimated weights. Appendix G provides
simulation evidence on the performance of the conditional Wald test introduced in section 3.
Appendix H discusses issues related to testing IV strength in the empirical application.

D Proof of Omitted Results in Appendix A

This appendix provides the proofs of Propositions A.1 and A.2, which are omitted from Appendix
A. T use the following notation and abbreviations throughout. Let Sﬁ , denote the set of k£ x k
positive definite matrices. I abbreviate “positive definite” and “positive semi-definite” as PD and
PSD. For triangular arrays, [ abbreviate the weak law of large numbers as WLLN and the central
limit theorem as CLT; Lemmas D.6 and D.7 state the versions used here. For scalars ag,...,ax,
diag{a;} 1, denotes the (K + 1) x (K + 1) diagonal matrix with diagonal elements ao, ..., ak.
For matrices A and B, diag(A, B) denotes the block diagonal matrix with A in the upper block
and B in the lower block. For a vector, || - || denotes the Euclidean norm; for a matrix, it denotes
the spectral norm, i.e., the largest singular value. Finally, 7nin(-) and Timax(-) denote the smallest
and largest singular values of a matrix.

D.1 Proof of Proposition A.1

Proof of Proposition A.1. For simplicity of notations, the proof is shown for the full sequence {n}.
Then, we note that the same proof goes through with p,, in place of n.

Part (a): Note that g(\) is a continuously differentiable function of X, p, 51, and fBy. Applying
uniform delta method and Lemma D.1(a) to the sample moment §(\) yields

Vig(an) = [0p9(0n)1Zp + [05,9(0n)1 25, + [08,9(An)1 25, + 0p(1)
Opyg

d
- ()‘OO)ZP + 6519()‘00)251 + aﬁog()‘oo)zﬁo = ZB

TDepartments of Economics, University of Tennessee, mren7@utk.edu
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Then it follows that Z; ~ N (0x x1,Ss) where

Seo = pg()‘oo)zp,ooap’g()\oo) + 8819()‘00)2,31,006519()‘00) + 8509()\00)250,008369(/\00)-

Here Ao is the limit of \,, = ¢’8,, as n goes to infinity, and g(Aw) equals g(A\) by sending A, p, 1,
and By to their limiting values.

Again by Lemma D.1(b), ¥, «, X5, 00, and Xg, o can be consistently estimated by their
sample analogs f]p, )y 8., and by 3, along the drifting sequence, respectively. The continuous mapping
theorem then implies that S (An) & S, where S (M) is the asymptotic variance estimator defined
in (10). Note that Lemma D.2 implies S is PD. By Slutsky’s theorem, we have

VS(a)M25(A) S N0, I xk).

In particular, for k-th element of g(\,), applying the same arguments yields \/ﬁé,;lgk()\n) 4,
N(0,1), where §; is the (k, k)-th element of S. Since AR, 1(\,,) is the square of this component,
we have AR, () 4 X3, as desired.

Part (b): We divide the discussion into two cases.
Case 1: ¢, < 0.

In this case, we have

Vi = nrg, + 0,72,
LN Yooloo + [0pT] 2, = 2
and R R N
h(A\n) = \/ﬁﬁ_[@Jﬂzp[ap’g()\n)]s()‘n)_l\/ﬁg()‘n)
% Yootoo + [0, Zp — [0pT]8p.00 [0y 9(Meo)ISK 24 = 2

[e.o]

(32)

From the independence (23, , Z3,) 1L Z,, it follows that Zj, 1L Z; since they are jointly normal and
uncorrelated.

By continuous mapping theorem, we obtain the asymptotic distribution of the Wald statistic
under the null:

ng(An)'S(n) 177 S (An) " g(An)
7 S(\p) "7

4 2483 2. 215" 2,

— 1 .

Z' S5t 2,

Wn()‘n) =

On the other hand, we note that the simulated statistic W;*(\,,) can be written as a function of
standard normal draw n* and a conditioning statistic

~ ~

T = (h(An), Sn), Sp 9p3(An)). (33)



Specifically, we write
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(%, 1) S(An) " Lra (7, 1)
where
7o (1%, T) = h(An) + [0S 0 §(A)] S ) =27
Therefore, T is the source of sampling uncertainty on the simulated statistic Wr(An)-

Let G(- | T) denote the CDF of the simulated Wald statistic W*(),,) conditional on data, i.e.,

Gz [ 1) =P(W;(\) <z [{Yi, Di, Zi}iy)
P(W(n*, T) <z |T).

Define (1 — o, T) as the (1 — a)-quantile of G(- | T) for a quartet of elements Y such as T in (33).
By this definition, the critical value can be expressed as

Gw+(1 —a) =q(1 — a,Y).
Next we show that ¢(1 — «, Y) is a continuous function of Y on the set U, where

U = {(uy,uz,us,ug) : ug + [8p7r]u;guﬁlu2_1/277* # 0«1 a.s.,

(35)
(S RK7u2 S Sﬁ:_’u?) c Sf_tl,wl e RKX(KJrl)}.

Let {Y,} be a sequence in U such that T,, = T € U as n — co. Given zero probability of discon-
tinuity in the limit by the definition of U, {W(n*, T,,)}n>1 converges almost surely to W (n*, T).
This implies the convergence in distribution for any continuity point x of G(- | T):

G [Tn) =Pp-(Wn",Tn) <z) = Ppe(WH"T) <) =Gz |T).

The distribution function G(- | T) is increasing at its (1—«)-quantile g(1—a, T) because the random
variable W (n*,Y) is continuously distributed. By Andrews and Guggenberger (2010, Lemma 5),
it follows that ¢(1 — a, Y,,) = ¢(1 — o, ). This establishes continuity of quantile function on the
set U.

A

The consistency of (S(An), 2y, 3pd(An)) established in Part(a) and (32) give

T i> T = (Zha Sooa Zp,OO? 8179()‘00))7

and by Lemma D.3, we have P(To, € U) = 1. From the continuity of ¢(1 — «, T), it follows by
continuous mapping theorem that

N Z'S-lz z' §-1z
d oo T oo <9

WnAn) —qg(l—a,T) — g —

(An) —a ) 2,77’#5’0_012,77r

q(l —Q, Too)a



which implies

2[5 2,25 2,
2! St 2,

Pp. (Wn()\n) > q(1— a,Y)) S P ( > q(1— oz,Too)> .

Next, we show that the limit probability on the right-hand side equals a. We first examine the
conditional probability as follows.

2|8 2.2, S 2,
Z' St 2.
p (1) S (7, Yoo ) (11, Yoo ) 'S 1y
s (n*, Too)’So_olws(n*, 1)
= P(W(n*a TOO) > Q(l - Q, TOO) ‘ TOO)

=« a.s.

>q(l—a,Tw) | Too>

>q(l—a,Tw) | Too>

The second line holds by the observation that n* and So_ol/ 2Zg are both independent of T, and
that Z; = WS(SO_OUQZQ, T o), which has the same distribution as m4(n*, T ). The third line holds
by the definition of W(n*, T,). The last line holds by the definition of ¢(1 — «, T), and the fact
that W (n*, ) is continuously distributed for any T € U. By taking the law of total probability, it
follows that the unconditional rejection probability equals o as well. This completes the proof for
the case 1o < 00.

Case 2: ¢y, = 0.

In this case, by the assumption v/n||7g, || = oo, we have

T _ 77Fn _1/2 1 B
HTI‘FnH - ”ﬂ-F‘n +Op(n ||7TFn” ) = Loo+0p(1). (36)
and
B(An) & R ) o »
Tileed = e~ GO gOIISTVRGO)IVATE, [T = oo + 0p(1). (37)

From the condition to, # Ok x1, the convergence results established in Part(a), and (36),

190w)'SOn) /I DE [, NSO 50) 4, o (38)
(@ /lmr, NS ) L (7 |7, 1) '

Now we examine the stochastic behavior of critical value gy« (1 — ), defined as (1 — «)-quantile of
W(A,) conditional on data. First, define a normalized conditioning statistic in the construction

of W (Ap):
TE( hOn) gy s 5i0) )

Wn(An) =

Vol | 7Vl |



By the definition of ¢(1 — «, T) introduced in Case 1 and the fact that
Wr(An) = Wa(n*, T) = Wa(n*, 1),
we have
qw-(1—a) =q(1 —a,T).
It therefore suffices to obtain the limit of Y as the sample size diverges. By the consistency of
(S(An), 2p, 3,3(An)), (37), and the condition that v/n|7x, || — oo, we obtain

T & TOOE(LomSoanp,ooaOKX(KJrl)) € Z/{,

where the inclusion in U follows from ¢, # Ok x1. This and the continuity of the quantile function
q(1 —a,) give (1 —a,T) & ¢(1 — @, Ts). So we have shown the (1 — a)-conditional quantile of
W (An) converges in probability to ¢(1—a, T+, ), which equals the (1—a)-quantile of x? distribution
by replacing T with T in (34). Hence, we conclude that

gw-(1—a) = qp(l—a) (39)

By (38) and (39), we have W,,(\,) — qw+(1 — ) 4 XT — ¢,2(1 — a). Then the desired conclusion
follows by the definition of convergence in distribution. O

D.2 Proof of Proposition A.2

Proof of Proposition A.2. For simplicity of notations, the proof is shown for the full sequence {n}.
Then, we note that the same proof goes through with p,, in place of n.

Since Ap, 0F, = BF,, the uniform delta method gives

Vi(Abr, — B) = Vn(A— Ag,)0r, —Vn(6 — Br,)
= H(pr,,0r,)Zy — Zg + 0p(1),
Vn(a; —ajp,) = M(pr,)Zy +o0p(1),  forj=1,...,2(M +1),

where H(p,0) and M;(p) are defined in (20) and (22). Both expansions are linear in (Z,, Z3),
which converges jointly to the Gaussian vector (Z,, Z3) by Lemma D.1(a). Because H and M; are
continuous and (pr,,0r,) — (Poo,bs0), Slutsky’s theorem and the continuous mapping theorem
imply that the two left-hand sides converge jointly to M;(ps)Z, and

Zn = H(Poo,00)Zp — Z5.

By the same lemma and continuity,

N

Q0r,) = H(p,0p,)SpH(p,0p,) + X5
£> H(pOanoo)Zp,ooH(pOOagoo),+Eﬁ,oo = Val"(Zm), (40)



and

0(0r,) = M;(p)S,H(p, 0k, )
L Mj(pm)zpyooH(pomgooy = COV(Mj(pOO)vaZm)- (41)

The asymptotic variance var(Zy) is PD because it is a sum of two PSD matrices and X3 o is PD
by the restrictions on P. Combining these results,

Vild;(0r,) = ajr,) = Vnla; —ajp,) —T5(08,)208,) " Vi(A0E, — B)
L M;(poo) Zp — cov(M;(poo) Zpy Z) var(Zm) " Zm = Za4,,

jointly over j and with \/H(Ae F, — 5’) 4, Zu. By construction cov(Zy,, Zn) = 0 for every j. Since
each Z4, and Z, are linear functions of the Gaussian vector (Z,, Z3), they are jointly Gaussian,
so zero covariance implies that Zp = (Z4,, ... ,Zd2( v +1)) is independent of Z,,. This shows

A@Fn - B d Zm
vin (vec(ﬁ(@Fn)) — Vec(AFn)> - (VeC(ZD)> ' “2)

From the SVD of Ap in (27), construct a normalization matrix W with positive diagonal
elements:

U, = diag{(v/nri.r,)" " .., (VTer,) H 1, ..., 1} € REMFDX2(MAD), (43)

where ¢ = max{j : t; = oo}. For all large n, ¥p, is nonsingular, and since Bp, is orthogonal and

¢ # 0, the vector
\I/FTLB};”C

by = — 0 —
" s, By
is well defined and has unit length. I first assume that ¢, — ¢, and I remove this assumption in

the last step.

By (42) and Lemma D.5, jointly with v/n(A0r, — 8) & Zq,
Gn=+/nD(0r,)Br, U, % De,

where D¢ has full column rank almost surely and is independent of Z,. Write Q, = Q05,).
Substituting D(0r,) = nil/QC;’n\I';ﬂjB%n into Q(0r, ) gives

A1 A -1

QA(QFn) = \/ﬁ H\IIFnB%'nCH ) Qnorm7 Qnorm = Q:Ll/zén (G%inGn) L.

A projection is invariant to positive rescaling of the vector it projects onto, so PQ(GF )= PQ .

By (40) and the continuous mapping theorem, we can show Q(6r, ) has a limit after normalizing
by (V|| ¥, B, cl) 7"

C?norm i> Q = Va'r(Zm)il/ng (Dé Var(Zm)ilpg)_lboo’



jointly with v/n(Afp, — B). Since D¢ has full column rank almost surely and ||| = 1, the limit
Q # 0 almost surely. Moreover, Q is independent of Z,, since D¢ 1L Z;, from Lemma D.5.

Let V = var(Zy,) " Y22, ~ N(0, Iy +1)) and Mg = I — Pg. The map Q +— Py is continuous
at every @ # 0. The continuous mapping theorem applied to (14) and (15) therefore gives

(MRLM,,(65,), AR,(85,) — MRLM,,(65,)) % (V' PoV, V' MgV).

Conditional on Q, note that V ~ N(0,Iyk1)) and Pg is a rank-one orthogonal projection.
By Cochran’s theorem, V' PgV and V' MgV are then independent x? and X3 41 variables. This
conditional law does not depend on Q, so it is also the unconditional law. Hence, by (16),

MLC,(0F,) = (1 + a) MRLM,,(0F,) + a(AR,(0F,) — MRLM,,(6F,)) it (14 a)xi + aX3x 41,

with the two chi-square variables independent. This limit law is continuous. Since 0, € © and
'O, = Ap, the infimum in the test is at most MLC,,(0F, ), so

limsup Pp, (C,égf;\ MLC,(0) > 9(1+a)x3+ax3y 4, (1- Oé))

n— o0

< lim Pg, (MLcn(an) > Qtapiraxiy,, (1 a)) o

n—oo

Finally, I remove the assumption that ¢,, converges. Suppose the conclusion of the proposition
fails along {n}. Then there exist ¢ > 0 and a subsequence {n;} along which the null rejection
probability exceeds o+ ¢ for all k. Because ¢y, lies in the compact unit sphere, {nj} has a further
subsequence along which ¢,,, — ¢ for some unit vector t,. Conditions 1-7 continue to hold along
this further subsequence with the same limits. The argument above then shows that the limit
superior of the null rejection probability is at most «, which is a contradiction. O

D.3 Supporting Lemmas

In this section, I provide supporting lemmas used in Proposition A.1 and Proposition A.2, followed
by the proofs of these results.

Lemma D.1. Let {(0p,, F),)}n>1 C P satisty gr, — ¢oo, PF, — Poo, BF, — P, and a%mdé —
agoﬂ ford=0,1and £=0,1,...,K. Then we have

(a) The estimators are jointly asymptotically normal:

AZP Aﬁ _pFn ZP

Zﬂ1 B1— BF, 1 d Zﬂl .

. = J " ~ d by b by by

Zﬁo vn Bo — BF,.0 ~ Z3, N(04(K+1)x17 1ag{Xp,00: X100 Xfo,005 qoo})?
Zq Cj —dqF, Zq

(44)



(2)(1 = poo(z) | o2 *
Yp,0o = diag {poo ¢ PoolZt } , Y 3,,00 = diag 0,16
£=0 QOO(

QOO(ZZ) Zf)poo(zl) =0
K
N d. O-go (074 » d' { } /
0o = diag : , 00 = A1881Q00 § — Goo9o0-
” 4o(z0) (1= poo(z)) f | ’ >

(b) Let 3,, 3, and ¥, be the sample analogs of ¥y, $3,00 and ,.. They replace
(p007q007q00(d7 28)70_20@[) Wlth (ﬁ?qAan(CL zf)aa—czlﬂ)a Where

n <
=1

o _ 1~ (Y Ba)’1[Di = d, Z; = 2]

2 _ )

Ogp = — N .

=2 q(d, z¢)

Then 3, % %, o, ¥ = diag{35,, 25, } 2 Dp.0o = diag{Tp, o0, Lgo.eo ), and 3, B %, .
S

q
Lemma D.2. Suppose ¢, # 0 or ¢, # 0 are fixed weights and let A = ¢’6. For any (0, F') € P, the

asymptotic variance matrix

S = [0pg(N]IZp[0p g(N)] + [05,9(N)]125, [0 9(N)] + 195, 9(M)] X6, [0 9 (V)]

is uniformly bounded and positive definite. That is,

inf min S >0; 45
L Tin(S) (15)
and
SUP  Tmax(S) < 00, (46)
(6,F)eP

where Tin(S) and Tmax(S) denote the smallest and largest eigenvalues (or singular value) of S,
respectively.

Remark D.1. This lemma shows that any choice of nonzero linear weights ¢, and ¢, would not
entail an asymptotic singular covariance matrix for AR test, which is essential for establishing
uniform validity. O

Remark D.2. Indeed, we can relax the restriction that A = ¢’6 and show this result for all A that
belongs to a compact subset on the real line, which will be useful to establish the power property
of the test. Since the above statement is sufficient to prove the uniform validity of the conditional
Wald test, I do not pursue this extension here. ]

Lemma D.3. Suppose the conditions in Proposition A.1 hold for a sequence (A, F},) for which
V7, || = Yoo < 00. Then Yoo = (2}, Soo; Xp,0os Opg(Axc)) belongs to the set U defined in (35)
almost surely. That is,

P, (zh + 1057 D000 9 (Moo ) S22 # Ofcscr | Zh) =1 as

Lemma D.4. [Andrews and Guggenberger (2017, Lemma 10.3)] Assume the following conditions
hold under a sequence of DGPs {(0F,,, Fy) }n>1:



1. V/n7jp — oo for j < q and \/n7; F, — t; € [0,00) for j > ¢;
2. Cp, and Bp, converge to their limits C, and B, respectively;

3. The moment condition and the normalized D(fF, ) converge jointly:

Aan - B d Zm
v <VGC(D(0F")) — Vec(AFn)> - (vec(ZD)>

where Zp = (24, ... 7Zd2(M+1)) is independent of Z,,.
Then we have
n'?D(0r,)Br, Up, % D=0,(1)
Moreover, D is independent of Z,,.
Lemma D.5. Suppose the assumptions in Lemma D.4 hold. Let & € R2K+1Dx2(M+1) he 5 matrix
of i.i.d. standard normal random variables, and let x > 0. Then, jointly with \/ﬁ(prn — B) 4, Zm,

n'2(D(OF,) + k0~ "?€) B, Vg, 5 D

where D¢ has full column rank with probability one and is independent of Zy,.

Lemma D.6 (WLLN for L'*? triangular array). Let {X,;} be a row-wise i.i.d. triangular array
of random variables. Suppose
sup | X, |1 < o0 (47)
n

for some 6 > 0. Then .
1
- > X —E[Xn] % 0.
i=1

Lemma D.7 (Multivariate Lyapunov CLT). Let {X,,;} be a row-wise i.i.d. triangular array of
random vectors in R* with expectations E[X,,;] = 0 and covariance matrices ¥, = E[X,,; X],].
Suppose

Xp—=22>0 (48)

and for some § > 0
sup E|| X [>T < oc. (49)
n

Then as n — oo,

1 < d
\/ﬁ;Xm 5 N(0,D).

Proof of Lemma D.1. Part (a): Let qr(1,20) = qr(ze)pr(z¢) and qr(0,20) = qr(ze)(1 — pr(ze)).
Under Definition 2.1, gr(d, z,) > €2 for all (0, F) € P. Define the vector of cell sums



with mean pp = (qF(Zg), qr(1,20), qr(1,20)Brae, qr(0, Zg)5F7()[)f:0. Condition 2 of Defini-
tion 2.1 gives sup, Er, ||[W;]|>T® < oo. The covariance matrix of W; is a continuous function of
(qr,pr, Br,0%), so it converges along {F,}. By the CLT (Lemma D.7), v/n(W,, — g, ) converges
in distribution to a mean-zero normal vector, where W,, denotes the sample average of {W;}1 ;.

Note that estimators are a smooth function of the cell means: (p, 1, Bo, §) = (W), where

©((ag,be, c1e,coe)e) = ((befae)e, (c1e/be)e, (coe/(ae—be))e, (ar)e).

By CODStI"UCtiOD, @(MF) = (pFa BF,lv BF,Oa qF)'

Conditions 2—4 of Definition 2.1 give ay > €, by > €2 and ay — by > €2 for up = (ag, by, c1e, Coe)e
and every (0, F') € P. These closed bounds also hold for o = lim,, pp,, which exists under the
conditions of the lemma. Every component of ¢ is a ratio with denominator ag, by or ag — by, so ¢ is
continuously differentiable on a neighborhood of fio.. Moreover, W, lies in that neighborhood with
probability approaching one, since W,, — ur, = Op(n_l/ 2). The uniform delta method (Van der
Vaart, 2000, Theorem 3.8) gives

\/ﬁ(SO(Wn) - SD(NFn)) = 6¢(Hm)ﬁ(Wn - #Fn) + Op(l) = \/171 Z OF, (Y, D;, Z;) + Op(l)a

where ¢p(Y;, D, Z;) = 0p(pur)(W; — ur), and the last equality uses Op(ur, ) — 0p(poo). Partition
¢r conformably with (p, 51, 5o, §) as

!/
OF = (qb;,Fa ¢2§’1,F7 QZ)QB’U,F’ ¢:J,F) ) Qbm,F = (¢w,F,Oa- . -»gbm,F,K)/ for x € {pa Bl?ﬂOa(J}a

Each block of ¢ corresponds to one of the vectors pr, Br1, Bro and gr, and its ¢-th element
corresponds to that quantity evaluated at z = z,. That is, ¢p, r ¢, ¢g,,F,¢ and ¢4 ¢ are the influence
functions of p(z¢), Bae and G(ze), respectively. The ¢-th element of each block of ¢ depends only
on the ¢-th cell (ag, by, c1¢, coe) of its argument. The corresponding cell of W; — up is

(1[Z; = 2] — qr(2e), 1D =1,Z; = z) — qr(1, 20), (Y;1[D; =d, Z; = 2] — qr(d, 20) Br.ae)a=1,0)-

Differentiating each ratio in ¢ at pup and applying it to this cell gives, for £ = 0,1,..., K and
d=0,1,
(D — pr(20))1[Z = 2]

d)p,F,f(Ya Da Z) - QF(ZZ) )
(Y = Bra)l[D=d,Z = z] (50)
Poard(6 0,40 = ar(d. 2) ’

(z)q,F,f(YvD’Z) = R[Z = Zﬂ] - qF(Ze)'

By (50), Er[¢p.re | Z] = 0 and Ep[¢p, re | D,Z] = 0, so the four blocks of ¢ are mutually
uncorrelated. Within each of the blocks ¢, r, ¢g, r and ¢g, r, distinct £ index disjoint cells, so
each block has a diagonal covariance matrix. Its diagonal entries are

U%,de
qr(d, zp)’

pr(ze)(1 — pr(2e))
qr(ze)

varp(¢p,re) = , varp(dp,, Fe) = and varp(¢q,r) = diag{qr}—qrqp.

10



These variances converge to the matrices in (44), and the CLT (Lemma D.7) applied to ¢, then
establishes (44).

Part (b): The matrices f]p and f)q are continuous functions of (p, ). Their consistency follows
from part (a ) and the continuous rnapping theorem. For 62, expanding the square and using
nt Y, Yil[Ds = d, Zi = 2] = §(d, 2¢) Bae gives

1 1 A
~2 2 2
O = = - — E Y 1[D; =d, Z; = =
de q(d, ZZ) n p [ f] de:
The summands have sup,, Ep, (|Y?1[D; =d, Z; = ]|1+5/2) < (. By the WLLN (Lemma D.6),

1
n ZY?JL[Di =d,Z; = Zé] = an(d7 25)(U%n,d€ + 5%,“(1@) + 010(1)'

Together with part (a), this gives 63, — a%m ae 2 0. Since O'%n’ aw = 0(2)07 40> the continuous mapping

theorem gives Y5 2 Y3 00. O

Proof of Lemma D.2. 1 first show (45). Let ay = (1 — p(2x))cu + 2¢, and by, = p(zx)c, — 2¢, for
k=0,1,...,K. By (9), the k-th row of dg, g()\) has ay, in position 0 and —ay in position k. Likewise,
the k-th row of da,g(\) has by, in position 0 and —by in position k. Hence dg,g(\) = (11, —aolk)
and 0g,g(\) = (9, —bolk), where vy = (a1, ...,ax) and vy = (b1,...,bk)". Since ¥, is diagonal,

[05,9(N)] 56, [0 9(N)] = T, [0,0] v + af diag{Ss, [k, K]}y

and the same holds for [9,9(\)]¥s,(05,9(\)] with (vg,bo) in place of (v1,ag). Therefore, we can
decompose S into the sum of PSD matrices:
S= Z:,51 [07 0] Vlyi + a(2) diag{zﬁl [ka k]}le
+ 3, [0, 0] vy + b3 diag{Sg, [k, K} 2y + Fpg (M) B0y g (M)
By Weyl’s inequality, 7min(S) > mini<p<k (2, [k, klad + Sg, [k, k]b3). Under Definition 2.1,

Y,k k| = ng/q(d, 21) > €/(1 —€)? = §(e), 50 Tmin(S) > é(e)(a% + b%). Moreover, (ag,by) =
M(c,,c,)" with

= ! _p(z ) 2 = — 2 2 1/2
M= ( p(Zo)O —2> ;o JdetM|=2, M| < [M|r=((1-p(20))” +p(20)° +8) "~ <3,

where ||M]| is the spectral norm (the largest singular value) and ||M]| g is the Frobenius norm.
Since |det M| is the product of the two singular values of M, the smallest singular value equals
| det M|/[|M|| > 2/3. Hence af + b5 = [|[M(cy,c,)'[|? > 5(c% + ¢2). Therefore,

nf i (S) > ga< ) (2 +¢2) > 0,

(6,F)eP

since ¢, # 0 or ¢, # 0.

11



Next, I show (46). For z € {p, 81,60}, Tmax(029 Xz 02rg) < [|029(N)]1* Tmax(X2). Under Defi-
nition 2.1, Timax(S,) < 1/(4€) and Timay (Bg,) < (/29 /€2, The entries of 9,g(A\) are polynomials
in (\,p, B,cu,c,), where A = ¢’ with 0 in the compact set O, p € [0,1]5F, and |Bq| < ¢V/3+9),
Hence sup g pyep [[0:9(A)|| < oo. The subadditivity of Timax over PSD matrices completes the
proof. O

Proof of Lemma D.3. Let H = [0,7|X, 00[0pg(Aoc)] and V = Z,+HS*n*, where n* ~ N(0, I)
is independent of Zj,. The vector Zj, — oot is the residual from the projection of [9,7]Z, on Zy,
and cov([0,7]|Z,, Z5) = H. Hence

var(V) = ([0p7]Sp,00[0p7) — HSL'H') + HSUH' = [0,7]%,, 00 [0p7],

which is PD because d,7 has full row rank and ¥, - is PD. So V is a normal vector with a PD
covariance matrix, and P(V = 0x 1) = 0. Since E[P(V =0 Z,)] = P(V = 0) = 0, it follows that
P(V =0 Z3) = 0 almost surely. This implies that T, € U almost surely. O

Proof of Lemma D.j. Thislemma is a simplified version of Lemma 10.3(d) in Andrews and Guggen-
berger (2017). For completeness, I give a proof that follows their argument. Let dy = 2(M + 1)
and d,,, = 2(K +1) denote the numbers of columns and rows of D(6). Partition By, = (B, Ba,—_q)
and Crg, = (Cy,Cyq,,—q), where By and Cy contain the first ¢ columns. Let By o, Bi,—g.,00, Cg,00
and Cy, _q .00 denote the corresponding blocks of By, and Cs. By (43), Up, = diag{¥,, I4,—4}
with ¥, = diag{(v/n71.r,) "L, ..., (V07 r,) '}, and ¥, — 04, by condition 1. Hence

VD0, )Br, Vi, = (vVnD(0r,)B,Y,, VnD(0r,)Ba,—q),

and I derive the limit of each block in turn.

For the first block,

\/ﬁ]j(an)Bq‘qu = \/ﬁAFn ByWy + \/E(D(GFH) - AFn)Bq‘I]q

p
= Cg,00-

By (27) and the orthogonality of Br,, /nAp, B4V, = Cy, which converges to Cy » by condition
2. The second term is 0,(1), because v/n(D(0r,) — Ar,) = O,(1) by condition 3 and ¥, — gy,

For the second block, define

OqX(de—q)
Too = diag{tq_H, . ’tde} c Rde(dgfq).

0(dyn—do) x (do—q)

Then

VnD(0r,)Biy—q = VnAF, Biy—q + V(D(OF,) — Ar,)Bay—q
i) CooTso + ZDBdg—q,oo-

12



The first term converges because \/nAr, Ba,—q = Cr, (v/nllF, ) By Ba,—q — CxToo by conditions

A~

1 and 2. The second term converges to ZpBg,—q,00, jointly with \/ﬁ(prn — ), by conditions 2
and 3 and the continuous mapping theorem.

Combining the two blocks gives

VaD(05,)Br, U, % D= (Cyooy CocToo+ ZDBuy—q.00)-

The limit D depends on the data only through Zp, so it is independent of Z,. O
Proof of Lemma D.5. Again, let By o, Bdy—g.00, Cq00 and Cy,, 4~ denote the corresponding
blocks of By, and C. Let T, be the matrix defined in the proof of Lemma D.4.

Step 1: establish the limit. The perturbation contributes /n-xn~Y2¢Bp, Wy = kéBp, ¥y, . Since
(vntjp,) ' = 0for j <q, Up, — diag{0yxq, lg,—q}- Together with B, — B, this gives

KEBR, U, — kEBoo diag{0gxq: Lag—q} = (0d,. xq» £EBdg—q,00)
for every realization of £. Because £ is independent of the data, Lemma D.4 implies
; 5 - d
(\/H(AHFH - B)a \/ED(HFn)BFn\IIFna 5) — (Z’n‘upaé)v

with ¢ independent of (Zy,2Zp). The continuous mapping theorem then gives, jointly with
Vi(Abg, —B) L Zg,

Va(D(Og,) + kn2%€)Br, Wi, L De = (Cpoos CocToo + (Zp + KE) Bay—g,o0)-

The limit D¢ is a function of (Zp,&). Since Zp is independent of Z,, and ¢ is independent of
(Zm, 2p), (Zp,¢&) is independent of Z,, which implies the independence between Z,, and Ds.

Step 2: full column rank when g = dp. In this case the second block of D¢ is empty, and D¢ = Cy
consists of the first dg columns of the orthogonal matrix C's,. So D¢ has full column rank, and it

equals D. Under strong identification, the perturbation therefore has no effect on the limit.

Step 3: full column rank when g < dy. Since C', is orthogonal,

Iq C;’oo(COOTOO + (ZD + Kf&)Bdg—q,oo)

O D¢ =
O(dqu)xq E

)

where
E = szm_q,oocooToo + C:zm—q,ooZDBde—q,oo + ’fcém—q,oodee—q,oo c R(dnz_Q)X(dG_Q)’

The matrix C De¢ is block upper triangular with an identity block, and Cs is nonsingular. So
rank(Dg) = rank(C. D¢) = ¢ + rank(FE), and D¢ has full column rank dp if and only if E has full
column rank dy — q.

13



It remains to show that E has full column rank almost surely. Let G = C’&m_ 1008 Bdg—g,00-
Since vec(G) = (By, _, . ® C}
thonormal,

)vec(§) and the columns of Cy, ;o and Bg,_qc0 are or-

m —q,00 m—(q;

V&I‘(VGC(G)) = (Bélg—q,ooBde—q,OO) ® (Cclim—q,oocdm—q,oo) = I(dm—q)(ds—Q)'

Thus G is a matrix of i.i.d. standard normal random variables. Moreover, G is independent of the
other two terms in E, because £ is independent of Zp. Since Zp is Gaussian, vec(E) is Gaussian
with variance

var(vec(E)) = (B(,ie—q,oo ® Cc/lm—q,oo) Var(VeC(ZD))(Bde—q,oo ® Cdm_ano> + "52I(dqu)(defq)v

which is PD because the first term is PSD and « > 0. By Comment(i) of Andrews and Guggen-
berger (2017, Lemma 16.1), E has full column rank almost surely, which establishes the desired
conclusion. O

Proof of Lemma D.6. Let §' = min{é, 1} and M = sup,, E|X,;|**%", which is finite by Lyapunov’s
inequality. I apply the weak law for triangular arrays in Durrett (2019, Theorem 2.2.11) with
b, = n. By Markov’s inequality, nP(|X,;| > n) < Mn=% — 0. Since X2, < |X,,;|"+"'n'=%" on
{|Xi| < n}, also n 'E[X2,1(|X,;| <n)] < Mn~% — 0. The theorem then gives n~* Yo X —
E[X,i1(| X0 < n)] & 0. Finally, [E[X,,;1(|X | > n)]| < Mn=% — 0, which proves the desired
result. O

Proof of Lemma D.7. This central limit theorem for a triangular array of random vectors is a
special case of heterogeneous CLT in Hansen (2022, Theorem 9.4) by restricting observations in
each row to be identically distributed. O

14



E Power Analysis of MLC Tests

In this section, I analyze the power of MLC test under strong identification. To define the sequences
of DGPs that are strongly identified, I impose the following additional restrictions on the space P.

Definition E.1 (Parameter space under strong identification). For some §,{ > 0 and € € (0,1/2),
define the set Py of pairs (6, F') that satisfy the following conditions:

1. (0, F) € P. That is, (6, F) satisfies the conditions imposed in Definition 2.1 with the given
5,¢ >0, and ¢ € (0,1/2).

2. Equation (5) holds with functions {h,,(-)}M_, satisfying Assumption 1.6.

3. There exists an index set S C {0,1,..., K} with |S| = M + 1 such that

min zi) —plzg)| > €.
nin(p(zy) = plan)| 2

Specifically, the second condition brings back the unisolvent property on the specified functions,
and the third condition assumes that there is a set of isolated propensity scores sufficient to point
identify primitive parameters in the MTE model.

Lemma E.1. With P, defined in Definition E.1, we have

inf min (4 > 0.
o0, BLp, Tmin(4r)

where Ap is defined below equation (11) for some distribution F'.

The parameter space Py guarantees that the smallest singular value of Ag, denoted as 7p 2(a141),
is uniformly bounded away from zero. Since A has full rank for each (0, F) € Ps, 0 = (A Ar) A% Br
is uniquely determined by the data distribution F', as is A = ¢’f. Therefore, Ps can be regarded
as a collection of distribution F, and we denote 0 = (AL Ap) ' ALBr and Ap = /0 for each
F € P,. To define the classical Wald test under strong identification, let 6 e argming.g n(flﬂ —
B)(0)" (A0 — ) be the efficient minimum distance estimator based on Af = 3. The Wald test
of Hy: c'0 = )\ is

n(c’éelcr —2)?
(AT 1 A) e

dward(N) = 1 [Wald,, (A) > g2 (1 — o)), Wald,,(\) =

The next section establishes the consistency and local power property of the MLC test under strong
identification, when compared to this Wald test.

E.1 Main results
Proposition E.1. Suppose {F,, : n > 1} C P, where for some Fj € P, assume
1. pr, (2z¢) = pr,(z¢) for all £ =0,1,... K,
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2. Br, = Bry,
3. U%mdz — U%MM foralld=0,1and {=0,1,..., K,

4. qr, (z¢) = qr,(2z¢) forall £ =0,1,..., K.

Consider a sequence of null values A}, = Ap, + bn~" with b € R and b # 0, then the following
conclusion holds

(a) If r € [0,1/2), then we have
lim Pr, (durc(A;) =1) = 1. (51)
(b) If r = 1/2, then we have

lim limsupEp, éwald()\;) — dA)MLC()\Z) =0,
aNO0 n—oco
It is worth noting that the proposed MLC test is approximately as powerful as the asymptotic

efficient Wald test under strong identification if we set the weight assigned to AR statistic suffi-
ciently small. Andrews (2018, Theorem 3) establishes a related result by showing that a (1 —a—+~)
LC confidence set is contained by a (1 — o) Wald confidence set with probability approaching one
for all v > 0 based on a specific choice of weight function a(y) such that the critical values of
the two tests are equal: q(1+a(v))x%+a(v)x§K+1(1 —a—7) = ¢2(1 — a). Nevertheless, it is less
clear from his result that the MLC test would have similar local power as the Wald test at the
same significance level, while not targeting at a specific AR weight. This result is now formally
established in Proposition E.1(b).

It is not recommended to set a = 0 for the MLC test. On the one hand, the AR statistic
helps direct the optimizer of the profiled MLC statistic to converge within a small neighborhood of
the true parameter ¢ under strong identification. Within this neighborhood, the MRLM statistic
is first-order equivalent to the Wald statistic. However, the MRLM statistic alone cannot detect
deviations from the true parameter except in the direction of the target parameter ¢’6. On the other
hand, assigning a larger weight to the AR statistic increases power under weak identification, as the
MRLM statistic might be small for distant alternatives due to the near-singularity of A (Kleibergen,
2005). While Andrews (2016) discusses the optimal choice of a for full vector inference problems,
the optimal choice of a for inference of parameter functions remains an open question for future
research.

E.2 Lemmas for local power analysis

The following lemmas are used to establish Proposition E.1.

Lemma E.2. Under the same assumptions in Proposition E.1(b), the local power of Wald statistic
equals:
lim Eg, [¢Wa1d()\;)] = ]P)((Z + I/)/PV(Z + I/) > qxf(l — CM))

n—oo

where Z ~ N (0g(x41)x1, l2(kx+1)) and v is defined in equation (60).
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For each population distribution F', let

Qp(0) = H(pp,0)2, rH(pr,0) + 35 r
Lr(0) = Mj(pr)Zyr H(pr,0)',
where H(p,#) and M;(p) are defined in section 4.3.

Lemma E.3. Suppose {F,},>1 C Ps is a sequence of distributions satisfying the conditions in
Proposition E.1. The following results hold:

0< ein(fa Tmin (25, (0)) < sup Tmax (g, () < 0o (52)
€ Ie)

sup [|Q(0) — Qp, (0)]| = 0p(1) (53)

(ASE)

sup [|[T(0) — T, 5, (0) || = 0,(1). (54)

0cO

E.3 Proofs in Appendix E

Proof of Lemma E.1. Since Ap = diag{A1r, Aor}, it suffices to bound the smallest singular value
Tmin(Aqr) away from zero uniformly over P for each d = 0,1. For (po,...,pa) € (0,1)M+1 let
A(po,...,pm) be the (M + 1) x (M + 1) matrix with (¢, m)-th element A4, (ps). Let

f(Pos---,Pm) = Tmin(A(po, - -, PMm))-

By Assumption 1.6, f is continuous, and by unisolvence det A # 0, so f > 0 on the compact set
&= {(po, coospM): pe € [e,1 — ¢ for all ¢, niil Ip; — pi| > e}. (55)
J

Hence f has a positive minimum over £. For each (6, F) € Py, Definitions 2.1 and E.1 give an
index set S with ps = (pr(2¢))res € €. The matrix A(ps) is the submatrix of Agr formed by the
rows in S. Therefore

Tmin(Agr) = min ||Agpz| > min ||A(ps)z| > min f(ps) > 0,
| [lz|l=1 psEE

llzl|=1 z||=

as desired. ]

Proof of Proposition E.1. Throughout the proof, let

5 1

m0) = A0 — B, A0 =vn(—0r), Q=Qr0r), V=459 4R)

and Timin(-) and Tmax(-) for the smallest and largest singular values of a matrix. Under P,
0 = (ALAp) 1AL Br is continuous in (pg, Br), so 0p, — Op,. Since we assumed convergence
of (pg,, Fn,a%n,qpn) and 0p, — 0F,, which are conditions 1-5 of Proposition A.2, similar delta-
method argument at the beginning of the proof of Proposition A.2 gives

Vam(0r,) & Za ~ N (0gxi1)x1, QLry(0:)), (56)
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where the variance follows from (40) with (pso,fec) = (Pry,0r,). Moreover, A is a continuous
function of p, and singular values are continuous functions of a matrix. Together with (56) and
Lemmas D.1 and E.1, this gives

AL Ap, Tmin(A) £ Tmin(AR,) > 0, Vin(0r,) = O,(1). (57)

By (52) and (53), 7n = SuPgee Tmax(2(8)) = O,(1). Below I use two inequalities that hold for every
0 € ©. First, since m(0) = m(0F, ) + A6 — g, ), and for each 2 € RZM+D || Az|| > 7 (A) | 2],

and ||z|| > |c'z|/||c||, we have
IVam@)] = ([ Adu(@) — |Vam(@r,)1l)

> (iin (A) 20 (6) | = V(65 )1[) (58)
> (V2L o, ) )

el

+ )
where (x)4 = max{x,0}, which is nondecreasing in x. Second, by the definition of AR,,(#) in (15),

ARy (0) = 7, [V (0)]]°. (59)

Part (a). If no 0§ € © satisfies 6 = A, the test rejects by construction. Otherwise, every 6 with
0 = X\ satisfies v/n|c'0 — A\g, | = |b|ln'/277, which diverges because r < 1/2. By (57)-(59) and
MRLM,, > 0,

P

‘b|n1/2_r
_— — 09,

. ——1 (A
Ant MLC,(0) = an (run(d)

o~ Iver)l)

which establishes (51), as desired.
Part (b). Let

5 ~—1/2 - d

Zn =N Pi(0F,) S Z ~ N(Oagres1yx1s Logre1));
which follows from (56), and let

Qil/zAFO [/76 |b‘
— - b =, 60
v= Ve ) vl Ve (60)

Step 1: a local expansion along data-dependent sequences. Let {én} be any sequence
in ©, possibly depending on the data, such that

A0, =\ and A, (0,) = 0,(1). (61)

n

Next I show that 5 . .
MRLM,,(0,,) = (Zn + v)'P,(Zp +v) + op(1),

T e (62)
AR (0,) = || Zn + 272 Agy A (B,) || + 0, (1)
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First, (61) gives 6,, — Or, = Op(n~'/2), s0 8, 2 6,. Moreover,
Vni(6,) = vrm(0r,) + AN, (0,) = O,(1). (63)
Second, by the triangle inequality,

12(8,) — | < sup 1€2(0) — 21, (O)| + 112, (6) — 2, (B -

The first term is 0,(1) by (53). The second term is o,(1) by the continuity of Qp,(-) and the
continuous mapping theorem. The same argument with (54) applies to fj, SO

Q0,) B0, T(60,) BTjr0r) forj=1,...,2(M+1). (64)

Third, the j-th column of D(0,) equals é; — I';(6n)(0,) "\ 1u(0,) + kn~1/2¢;. By (57), (63) and
(64), the last two terms are O,(n~'/2), so D(0,) & Ap,. Since Ap, has full column rank, the
continuous mapping theorem gives

Ve
b

Q(én) 2z Q_I/QAFOVC = .
The limit is a nonzero multiple of v, and the projection Q — Pg is continuous at every @ # 0.
Hence

Fourth, (57), (61), and (63) give

Q)Y 2mn(0,) = Zn + QY2 AR, A0 (0,) + 0,(1), (66)

which yields the AR part of (62). For the MRLM part, ¢/A,(6,) = /n(\: — Ag,) = b by (61).
Hence _ _— -
b IVAL O AR AL, 2
VA2 A, A (5, = L AR ARBO) By
Ve Ve

so that

PO7Y245 A (6,) = v. (67)
The right-hand side of (66) is Op(1). Combining (65), (66) and (67) with the definition of MRLM,,
n (14)

N

MRLM,,(0,) = ||P, Zn + v||* + 0p(1) = (Zn + 1) Ps(Z +v) + 0,(1).
This proves (62).
Step 2: an upper bound. Let

- b Ve
0, =0 _ .
F"+\/7z Ve

Then ¢, = A}, and 0,, € © for large n because 0f, € int(0). The sequence 0, satisfies (61), and
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Q Y2Ap,A,(0,) = v. By (62) and MLC,, = MRLM,, + a AR,,,

MLC,(0,) % (14 a)(Z + v)'P,(Z2 +v) + a(Z + 1) M, (2 +v). (68)

Step 3: a lower bound. Let 6} satisfy ¢'0 = X\ and

MLC,(67,) < inf MLC,(0) + nt

By the definition of infimum, such sequence {6} },>1 always exists. Since MRLM,, > 0, (68) gives
a AR, (07) < MLC,(0,) + n~1 = O,(1). By (59) and 7, = O,(1),

IVarin(@) |2 < 7o AR#(67) = Op(1). (69)
Next, the second line in (58), evaluated at 6 = 6, and (z)4 > z give

Toin(A)[[An (07)[| < [Vrrie(6;)| + [|[Vrrin(Br, )]

Both terms on the right are O, (1), the first by (69) and the second by (57). By (57), Tmin(4) &
Tmin(AF,) > 0, so Ay (6) = Op(1). Therefore, 0} satisfies (61), and (62) yields

MRLM,, (62) % (2 +v)'P,(2 +v). (70)

Step 4: conclusion. Let ¢(a) denote the (1 — a)-quantile of (1 4 a)x] + ax3x,,. Since
MRLM,,(6) — n~! < infop—x« MLC,(6) < MLC,,(6,,),

Pr, (MRLM,,(0;) > q(a) + n~ ') < Eg, [darc(Ns)] < Pr, (MLC,(6,) > q(a)).
The limit laws in (68) and (70) are continuous. Hence

L(a) < liminf Er, [nrc(Ay)] < limsup Er, [dawc(3;)] < Ula),

n— o0

where
L(a) = IP’((Z +v)P(Z+v) > q(a)),

Ul =P(1+a)(Z4+v)P(Z4+v)+a(Z+v)M,(Z+v)>qa)).

Asa ™0, g(a) = g,2(1—0), and both L(a) and U(a) converge to P((Z+v)' P, (Z2+v) > q,2(1—a)).
By Lemma E.2, this limit equals lim,, o, Ep, [(ZAJWald()\jiL)]. d

Proof of Lemma E.2. 1 use the notation of the proof of Proposition E.1. Under P, the efficient
estimator 67 satisfies \/n(0°" — 0p, ) = —VA’FOQ_V2Zn +0,(1), and ¢ (A'QHT)1A)"1e B Ve
(Newey and McFadden, 1994, Theorem 5.2). Since ! = Ap, + bn~'/? and c/VA’FOS_Z_l/2 =
b=(Ve) v,

vz,
]|

V(e geft — \x) vVe - b )
— = vV'Z, — —— +0,(1) = —sign(b
Veve b e o) = s

+ 1) + 0p(1).

20



Squaring and applying Slutsky’s theorem gives

xy V'Z 2 ’
Wald, (A5) % ( ot HvH) = (Z+ V)P (Z +v).
This limit distribution is continuous, which gives the result. O

Proof of Lemma E.3. Let u = (p,X,,X3) and define
Q0;u) = H(p,0)S,H(p,0) + Xp, L;(0;u) = M;(p)X,H(p,0)".
Let 4 = (p, 3, ¥p) and ug = (Pry> Sp.ros Do.r)- By (19) and (21),

Q0) = Q0;0), Qr(0) = QG;u0), T5(0) =T;(0:a),  Tjr,(0) =T;(6;u0)- (71)

Both maps are continuous in (#,u), because the entries of H(p,f) and M;(p) are continuous
functions of (p,#) built from X/, (-), which is continuous on (0, 1).

Proof of (52). The matrix H(pr,,0)Xp r,H(pr,,0)" is PSD. By Weyl’s inequality and Definition
2.1, for every 0 € O,

U%‘o,dl > €
T (1-e¢?

Tmin(QFo (9)) 2 Tmin(EB7F0) = min (72)

a0 qr,(d, ze)

By the subadditivity of Tax over PSD matrices and the submultiplicativity of the spectral norm,

SUP Tmax (27, (0)) < TmaX(E’p,Fo) sup || H (pr, , 9)||2 + TmaX(Eﬂ:FO) < 0. (73)
€O 0cO

The supremum is finite because H(pg,,-) is continuous on the compact set ©. Together, (72) and

(73) give (52).

Proof of (53) and (54). Let N be a compact neighborhood of uy on which p € [e/2,1 — ¢/2]K+1.
Such a neighborhood exists because pr, € [e,1 — €] ! by Definition 2.1. The maps  and I'; are

uniformly continuous on the compact set © x A. Hence the modulus of continuity
wn) = sup {[90(650) — (0: )| + ma [1;6:0) Ty (6:0) | 0 € O, ol €N, u— | < )
satisfies w(n) — 0 as n — 0. Under the conditions of Proposition E.1, Lemma D.1 gives

a2 . (74)
So the event {@ € N'} has probability approaching one. On this event, (71) gives

sup [|2(6) — Qr, (8) || + maxsup ||T5(8) — Lj,r, (0)I] < w(lla — uol]).
0cO J  6e€o

The right-hand side is 0,(1) by (74) and w(n) — 0. This proves (53) and (54). O
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F Inference with Estimated Weights

Sometimes the weight ¢ needs to be estimated if researchers’ interests focus on causal parameters
such as ATT and LATE. In this case, the weight usually depends on the joint distribution of (D, Z)
as in Table 1, therefore I make the following assumption:

Assumption 5. The weight ¢ = ¢(p, q) is a function of propensity scores p = (p(z9),...,p(2K))’
and marginal distribution of instrument g = (q(zp),-..,q(zx))’, and this function is continuously
differentiable.

Under this assumption, I develop inferential theory for causal parameter that depends on
estimated weights. In section F.1, I generalize the conditional Wald test proposed in section 3 for
linear MTE models. In section F.2 I extend the theory for MLC test proposed in section 4 under
a general class of MTE models that include the polynomial structure.

F.1 Linear MTE models

When the weight depends on (p, ¢), I replace ¢, and ¢, in the sample moment function with the
plug-in estimators ¢, = ¢, (p, §) and ¢, = ¢,(p, ¢). That is, throughout this subsection I redefine

~ ~

gr(A) = [P(2k) = D(20)] A = EuBu(20, 21) = 6pAp(20,2),  k=1,..., K, (75)

and g(\) = (§1(N), ..., drx(N))". This is a new definition, but I keep the notation of Section 3. The
same convention applies to S(X), h()), s, W, (A) and W*()\) below.

Because ¢ is estimated, its sampling error enters the asymptotic distribution of g(A). Let
A= (Du(20,21), - Au(20,2)) and A, = (A,(20,21), - - - Dy(20, 25)), and let A, and A, be
their sample analogs. Let 0, ¢, and 0y ¢, denote the 1 x (K +1) gradients of ¢, (p, ¢), and similarly
for ¢,. Define the K x (K + 1) matrices

Jp(A) = Opg(N) = Ay Oprcy — By Oy, Jg = =B 0ycy — By dycp, (76)
which are the derivatives of g(A) with respect to p and ¢ when ¢ = ¢(p, ¢). By the delta method,
ViGN = g(N) = Tp(NZp + JoZq + 05,9(N) Zs, + 05,9(N) Z, + 0p(1).

Since (Z,,2s,, Z3,, 24) has a block-diagonal covariance matrix by Lemma D.1, the asymptotic
variance of \/ng(\) is estimated by

SN = Jp(NSpdp () + JyEq ] + 05,0(N) 6,05 G(N) + 95, 9(N)Z5,05,G(N), (77)

where jp(/\), fq and 0,g(A) replace (p,q, B, c) with (p, q, 3,6), and replace the gradients of ¢, and
¢, with their values at (p, §).

The vector \/n7t depends on the data only through p. Its asymptotic covariance with /ng(\)
is therefore [0,m]X,.J,(\)". Accordingly, I redefine the conditioning statistic and its simulated
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counterpart as X o A
h(\) = vnit — [apﬁ]zpjp()‘)ls()‘)_l\/ﬁg()‘)a
Ts = B(A) + [apﬂ]ipjp()‘)/g()‘)_l/%?*a
where n* ~ N(0gx1,Ik) is drawn independently of the data. With these definitions, W, (}),

W(X) and the critical value gy« (1 — ) are constructed exactly as in Section 3. When ¢ does not
depend on (p, q), J,(A\) = 0,g(\) and J, = 0, so all definitions reduce to those of Section 3.

(78)

Corollary F.1. Let Assumptions 2, 3 and 5 hold, and suppose that infy pep [c(pr, qr)| > 0.
With g(\), S(A), h(A) and 74 redefined in (75)—(78), the conclusion of Theorem 3.1 holds.

Remark F.1. The AR test in Proposition 3.1 remains asymptotically valid with g (\) redefined
in (75) and §2(\) redefined as the k-th diagonal element of S(\) in (77). O

F.2 General MTE models

In this section, I maintain Assumption 5 and consider modified linear combination test for the
treatment effects parameters A = ¢(p,q)’'d. Naively plugging in the estimator ¢ = ¢(p,q) into
the test statistic can introduce estimation errors in the constraint ¢’6 = A, potentially leading to
asymptotic bias in the limiting distribution of the test statistic. To address this, I modify the test
statistic to account for the effects of these estimation errors.

One possible solution involves reparameterizing the model so that the target parameter ¢'6
becomes an element of the reparameterized model parameter, e.g., see D. Andrews (2017). However,
given the broad class of causal parameters of interest, finding a universal reparameterization rule
that works for all these parameters is challenging, and such reparameterization would greatly
complicate the asymptotic analysis.

As an alternative, I impose a normalization on the weights of the treatment effect parameters.
This assumption is broadly applicable to various causal effects, including ATE, ATT, LATE, and
the normalized counterfactual policy effects a(e) considered in this paper.

Assumption 6. The first and (M + 2)-th elements of ¢(p, ¢) are 1 and —1, respectively, and the
weight is symmetric: ¢ = (¢}, ¢)’ with ¢; = —co.
Under Assumption 6, I construct sequences that satisfy the estimated constraint ¢'6 = \,,
where \,, = ¢(pr,,qr, ) 0F, is the null value. Let é, = [¢ — ¢(pF,, qr, )] 0F,, and define
On1 = (—€n, O1xm4n)s

0n0 = (O1x(ar41)> €ns O1xnr)”-

Since the first element of ¢ equals 1 and its (M + 2)-th element equals —1, both g, + 6,1 and
OF, + 0n,o satisfy &6 = \,,. For any w € [0, 1], define

0% = w(Or, +61) + (1 = w)(0F, + 6n0), (79)

which also satisfies the estimated constraint. The sequence {0%‘1?} plays the role that {fr,} plays
in the proof of Theorem 4.1.
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Proposition F.1. Let Assumptions 2, 5 and 6 hold, and we further restrict § € ©¢ in con-
dition 1 of Definition 2.1, where ©( is a compact subset of int(0). Fix w € [0,1] and let
@ = (—wlix(x+1), (1 —w)lix(kx+1))’s where 11y (x41) is a 1 x (K + 1) vector of ones. In the
MLC test of Section 4.3, replace ¢ with & = ¢(p, §) in the constraint set, and replace Q(6) and T';(6)
with

Q(6;w) = (H(p,0) + w0'[0,8]) 5 (H (D, 0) + 0'[0,¢])’

+ (@0'[0,¢)) Sq (w0'[0,¢]) + 25,

Lj(0:w) = M; (), (H(,0) + w8'[0,¢])
where 0,/ ¢ and 0y ¢ are the 2(M + 1) x (K + 1) Jacobians of ¢(p, q) evaluated at (p, ¢). In addition,
replace c¢ in the construction of Q(@) with the orthogonalized weight

¢1(0) = ¢ — To(0; )05 w) " Hrin(0),
[o(0;w) = [0,d%, (H (B, 0) + w0 [0,8)) + [0,65, (w0'[8,¢]),

where T'.(;w) estimates the asymptotic covariance between /n(¢ — ¢) and /n (). Then the
resulting test ¢ypc(\) satisfies

limsup sup Ep[dmrc(V)] < a,
n—oo (A, F)EPy

where Py = {(\, F) : A = ¢(pr,qr)'0, (0,F) € P}.

F.3 Proofs in Appendix F

Proof of Corollary F.1. Tt suffices to verify Proposition A.1(b) for the redefined statistics; the rest
is as in the proof of Theorem 3.1. By Assumption 5, Lemma D.1 and the uniform delta method,
Vng(An) 4, N(0gx1,5«) and S()\n) 2y S, where Sy is the probability limit of (77). Tts last
two terms are bounded below as in the proof of Lemma D.2, a bound that holds for any weight, so
Tmin(Sec) = 26(€) inf (g pyep |lc(pr, gr)||*> > 0. Since # depends only on p and Z,, is independent
of (Zs,,25,, 2,), the asymptotic covariance of v/n7 and v/ng(A,) is [0,7|X, 0/,

p.0os Where Jj, o 18

the limit of jp()\n). These are exactly the properties used in the proofs of Proposition A.1(b) and
Lemma D.3, with 8,§(\,) and 9,g(\o) replaced by J,(\,) and J, .

Repeating the arguments in those proofs with these replacements gives Pr, (Wn()\n) > G (1—
@)) — a, which verifies Proposition A.1(b) for the redefined statistics. The corollary then follows
from Corollary 2.1(c) of Andrews et al. (2020), as in the proof of Theorem 3.1. O

Proof of Proposition F.1. As in the proofs of Theorem 4.1 and Proposition A.2, it suffices to show
that, along every sequence satisfying conditions 1-7 of Proposition A.2 with p,, = n,

lirrlrisogp P, < 06@}22:)\” MLC,(6) > qa> <a, o = Q1ta)x2 tady,, (1 — @) (80)
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Step 1: the moment condition at 9%2). By Assumption 5, Lemma D.1(a) and the uniform delta
method,

V(e = cn) = [0, 2y + [0, Zg + 0p(1) L Z, = [0, 2, + [04¢) 24, (81)

where ¢,, = ¢(pr,, qr, ) and the Jacobians are evaluated at (poo, o). Hence 0%‘;) —0p, = 0,(n"1/2),
and Pp, (9;31) ¢ ©) — 0 because O, lies in Op, a compact subset of int(0). Moreover, the first

columns of A; and Ag are vectors of ones by (5), so 121(923:) —0p,) = wé,. The delta-method
arguments in the proof of Proposition A.2 and (81) then give

V() = Vi(Or,) + ovinén L 28 = (H(poo, o) + @0 [0pc]) Zp + w0 [0 24 — 25,

whose variance is PD because ¥4 o, is PD. By Lemma D.1(b) and continuity, 2, T'; and I, evaluated
at 9](;1) are consistent for var(Zr(nw)), cov(M;(poc) Zp, Z,(nw)) and cov(Z,, Z&w)), respectively.

Step 2: orthogonalization. As in the proof of Proposition A.2, Step 1 implies that (42) holds with
(0F,, Zm, Zp) replaced by (0%":), Zr(nw),Zj(jw)) and that, jointly,

\/ﬁ(éj_ (9;32)) - cn) LN 2., =2.—cov (ZC, Zr(nw)) var (Z&“))’lz}f). (82)

., and Z&w) are jointly normal and the first two are uncorrelated with the third,
(Z(Dw), Z.,) is independent of A

Since 2%, Z

Step 3: the direction of Q In the proof of Proposition A.2, Q is a positive multiple of Qnorm, which

depends on ¢ only through ¢,, and the limit ¢, of ¢, is used only through two properties: it is
nonzero, and it is independent of the limit of the moment condition. Here ¢, is random, so I verify
both. With r, = 1/[|[Wg, By cu|, the same substitution as in that proof gives PQ(G(F“")) =P
with

by = rn\IanB};néJ_(Gﬁ)) =1V, B ¢n + ron /2 ‘IJFHB};"\/E(@_(G%‘;)) — Cn).

The first term is the deterministic unit vector that appears in the proof of Proposition A.2. The
diagonal elements of W, are at least min{1, (v/n71 r,) "'}, 71 F is bounded over P, and ||c,|| > 1
by Assumption 6. Hence \/n||VF, B} c,|| is bounded away from zero, and r,n~1/? is bounded. By
the subsequence argument at the end of the proof of Proposition A.2, I can take 7,V g, By ¢, and
r,n~ /2 to converge, to a unit vector 7 and some 7 € [0,00). Since ¥r, — diag{0,xq, Iyavrg1)—q}

and B, — B, (82) gives
d o
ln = loo =0+ T diag{0gxq, Lo(m+1)—q } Boo Zey 5

which is independent of Z&w) by Step 2. The first ¢ elements of ¢, are those of r; if they are
all zero, the remaining elements form a normal vector with a nonzero mean. Either way, (o, # 0
almost surely.

Step 4: conclusion. By Steps 2 and 3, the limit Q of Qnorm is nonzero almost surely and is a

function of (Zg”), Z.,,£), so it is independent of Z&w). The remaining arguments in the proof of
Proposition A.2 then apply without change and give MLCn(G;f:L)) 4, (1+a)x? + ax%K_H. Since

0%“;) is feasible for the infimum in (80) whenever it lies in ©, the probability in (80) is at most
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PFn(MLCn(Qg‘:}) > qo) + Pp, (G%‘;) ¢ O), which converges to a by Step 1. The proposition then
follows from Corollary 2.1(a) of Andrews et al. (2020), as in the proof of Theorem 4.1. O

G Power Comparison in Linear MTE Models

In this appendix, I compare the power of the proposed two approaches, namely, the conditional
Wald test proposed in section 3 and modified linear combination test proposed in section 4, and
contrast them with the conventional Wald test based on moment conditions (11) in a linear MTE
model. The linear MTE model is generated by the DGP below: For each d =0, 1,

Yg=pa+Vy
D = 1[U < p(Z)]

1
Vd_Pd<U_2>+eda

where U is uniformly distributed over a unit interval [0, 1], Z has the same distribution as the one
used in section 5, i.e., uniformly distributed over {zg, 21, 22} and independent of (U, ey, ep), and
(e1, ep) follows the joint normal distribution with zero mean and covariance matrix ¥, = 0.5+ I5xo.
Since instrument has ternary support, the linear MTE model is over-identified and is weakly
identified if all propensity scores converge to a single point. I consider the following specification
of the parameters in the Monte-Carlo simulation:

e Mean potential outcomes: p; = pg =0,
e Slope of MTR functions: pg = p1 =5
e Propensity scores:

(i) Strong identification: p*(z) = [0.2,0.5,0.8]
(ii) Weak identification: p*(z) = [0.4,0.5,0.6]

The data is generated with n = 500 units to evaluate the power of the conditional Wald test,
modified linear combination test, and the classical Wald test. I repeat the Monte-Carlo experiments
2,000 times to compute the average rejection rates for testing ATE Hy : p11 —po = 6, for 6, € [-5, 5].

Figure 5 plots the power curves under strong and weak identification. When the propensity
score varies strongly, all tests control size at the true ATE and have similar power against fixed
alternatives. With a small AR weight (a = 0.05), the MLC test does not sacrifice much power
under strong identification, which matches my local power analysis. Under weak identification,
the MLC and conditional Wald tests control size at the true ATE of zero, whereas the non-robust
Wald test over-rejects. The MLC power curve is non-monotonic, like that of the robust LM test of
Kleibergen (2005) for full-vector inference, so the test can lack power at some distant alternatives.
The conditional Wald test has power against both positive and negative values of the ATE, so I
recommend it for linear MTE models.
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Figure 5: Power Curves of the Conditional Wald, MLC, and Wald Tests

(a) Strong identification: p(z) = [0.2,0.5,0.8]
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(b) Weak identification: p(z) = [0.4,0.5,0.6]
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Note: Testing ATE at values on [—5, 5] with the true effects fixed at zero. The significance level is 5%. The sample
size equals 500. The average rejection rates are computed with 2,000 independent Monte-Carlo simulations.
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H Testing IV Strength

Several studies have developed tests for IV strength (Stock and Yogo, 2005; Montiel Olea and
Pflueger, 2013; Lewis and Mertens, 2022). These tests typically focus on the bias of IV estimators
relative to OLS estimators and the size distortion of conventional Wald and t-tests under their
null hypotheses. This problem is well-studied in linear IV regressions with homoskedastic error
structure (Andrews et al., 2019, Section 4). However, little is known about nonlinear models with a
focus on inference for functions of parameters. In this section, I evaluate the identification strength
by using the first-stage diagnostic proposed by I. Andrews (2018).

Following I. Andrews (2018), we regard the target parameter as being weakly identified if the
Wald confidence set fails to include a locally equivalent robust confidence set with a strictly smaller
coverage level. Let v € [0,1 — ). We choose the weight a = a(7) in the MLC test such that a(7)
solves

A(1+a()x3+a(VX3 k11 (1-—a-7v)= qxg(l —a).

With the choice of weight a(7) and the critical value ¢,2(1 — @), the following set Cp(7) achieves
asymptotic coverage rate 1 — a — v under weak identification:

Cp(v) = {)\ eR: i;lf)\MRLMn(H) +a(y) - AR, (0) < gy2(1 — a)} :
c’'0=

As shown by Andrews (2018, Theorem 3), this set is contained by a non-robust (1 — a) Wald

confidence set Cy with probability approaching one under strong identification. In other words,

the failure of this containment relationship suggests evidence of weak identification. This leads to

the following test of weak identification:

pres(v) = 1[Cp(v) € Cw].

The tuning parameter v can be regarded as the maximum amount of size distortion on Wald
confidence set that researchers can tolerate. If ¢;cg(y) = 1, then researchers are willing to use
the robust confidence set with a smaller coverage level (1 — o — 7y) since it is always valid while
the classical (1 — a) Wald confidence set is unreliable if the test rejects. However, this type of test
may not have sufficient power to detect weak identification, which implies the model might still be
weakly identified even if we did not reject the test.

For the example of additive MPRTE conditional on courts, I report the Andrews’ pretesting
result in Table 5 by specifying v = 10% and « = 5% (i.e., the researchers can tolerate at most 10%
size distortion). The result indicates that cubic and quartic MTE models lead to potential concerns
of weak identification conditional on most courts, while linear MTE models are strongly identified.
Quadratic MTE models are strongly identified for several courts, but not all of them. This result
reveals the fact that the identification strength depends on both the variation of instruments
and the flexibility of the model specified by researchers, while this information is not reflected
by the conventional rule-of-thumb applied to F-statistics, since the latter rule only works under
homoskedastic linear IV models with a scalar endogenous coefficient (Andrews et al., 2019).
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Table 5: Testing Weak Identification of Additive MPRTE at v = 10% and a = 5%

Court ~ MTE Poly. Valid Test Wald (95%) MLC (85%) F-stat RoT
SBO Linear MTE Possibly Strong [-0.17, -0.02] [-0.14, -0.06]

SBO Quadratic MTE Weak [-0.17, 0.18]  [-0.18, 0.20] S

SBO  Cubic MTE Weak -0.40, 0.45]  [0.67, 0.55] (90 Strong
SBO Quartic MTE Weak [-0.64, 0.46]  [-0.76, 0.75]

EBOS  Linear MTE Possibly Strong [-0.24, -0.10] [-0.23, -0.12]

EBOS  Quadratic MTE Possibly Strong [-0.22, -0.06] [-0.20, -0.08] 5001 Stron
EBOS  Cubic MTE Weak -0.34, -0.04] [-0.45, 0.03] g
EBOS  Quartic MTE Weak -0.36,0.04]  [-0.63, 0.37]

WROX Linear MTE Possibly Strong [-0.32, -0.14] [-0.30, -0.16]

WROX Quadratic MTE  Possibly Strong [-0.33, -0.12] [-0.31, -0.13] 98 15  Stron
WROX  Cubic MTE Weak -0.33,-0.13] [-0.40, 0.05] °* g
WROX Quartic MTE Weak [-0.33,-0.12]  [-0.89, 0.44]

BMC Linear MTE Possibly Strong [-0.24, 0.00] [-0.16, -0.07]

BMC Quadratic MTE Weak [-0.28, -0.02]  [-0.21, 0.04] 3147  Stron
BMC  Cubic MTE Weak -0.28, 0.00] [0.35,0.12] ° g
BMC  Quartic MTE Weak [0.37,-0.07]  [-0.30, 0.18]

ROX  Linear MTE  Possibly Strong  [-0.03, 0.23]  [0.06, 0.17]

ROX Quadratic MTE  Possibly Strong  [-0.02, 0.28]  [0.08, 0.23] 3468  Stron
ROX  Cubic MTE Weak 0.02,0.34]  [0.05,0.38] °% g
ROX Quartic MTE Possibly Strong [-0.10, 0.31]  [0.13, 0.24]

DOR Linear MTE Possibly Strong [-0.42, -0.18]  [-0.37, -0.25]

DOR Quadratic MTE  Possibly Strong [-0.60, -0.26] [-0.56, -0.36] S
DOR  Cubic MTE Weak -0.60, -0.26] [-0.56, -0.16] 43:60  Strong
DOR  Quartic MTE Weak [0.67, -0.29]  [-0.79, -0.08]

Note: Valid Test is based on I.Andrews (2018) first-stage pretesting procedure under 10% size distortion. F-
statistics are computed by regressing treatment on a set of saturated instruments, and the Rule of Thumb
(RoT) suggests strong identification if the F-statistics exceed 10.
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